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5.2 Volumes: Disks and Washers

In the previous section, we computed volumes of solids for which we
could determine the area of a cross-section or “slice.” In this section,
we restrict our attention to a special case in which the solid is generated
by rotating a region in the xy-plane about a horizontal or vertical line.
/-\ We call a solid formed in this way a solid of revolution and we call the

line an axis of rotation.

If the axis of rotation coincides with a boundary of the region (as in
the margin figure) then the cross-sections of the region perpendicular
to the axis of rotation will be disks, making it relatively easy to find a
formula for the area of a cross-section:

A(x) = area of a disk = 7r(radius)?
The radius is often a function of x, the location of the cross-section.

Example 1. Find the volume of the solid (shown in the margin) formed
by rotating the region in the first quadrant bounded by the curve

y= 79( and the line x = 4 about the x-axis.

Solution. Any slice perpendicular to the x-axis (and to the xy-plane)
will yield a circular cross-section with radius equal to the distance

v

x . .
between the curve y = TN and the x-axis, so the volume of the region

is given by:
4 2 4 4
V:/rfﬁ dx:/rafclx:Ex2 =21
0 2 0 4 8 0
or about 6.28 cubic inches. <

Sometimes the boundary curve intersects the axis of rotation.

Example 2. The region between the graph of f(x) = x? and the hori-
zontal line y = 1 for 0 < x < 2 is revolved about the horizontal line
y =1 to form a solid (see margin). Compute the volume of the solid.

Solution. The margin figure shows cross-sections for several values of
x, all of them disks. If 0 < x < 1, then the radius of the disk is (x) =
1—x%if 1 < x <2, then r(x) = x> — 1. We could split up the volume
computation into two separate integrals, using A(x) = 7 [r(x)]* =
i B T [1—x2]2 for 0 < x < 1and A(x) = m[r(x)]* = 7 [+? —1]2 for
1 <x<2, but

7 {xz—l]z —n {—(1—x2)]2: 7 [1—x2r
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for all x so we can instead compute the volume with a single integral:

V= / x—1 dx:n/z{x4—2x2+1} dx
0

=T 1x5—gx3—i-xz—7r g—E—i-z _ dom
B 3 o L5 3 15

or about 9.63. |

Practice 1. Find the volume of the solid formed by revolving the region
between f(x) = 3 — x and the horizontal line y = 2 about the line y = 2
for 0 < x < 3 (see margin).

Volumes of Revolved Regions (“Disk Method”)

If the region constrained by the graph of y = f(x),
the horizontal line y = L and the interval [a, b
is revolved about the horizontal line y = L

then then the volume of the resulting solid is:

V= / x)dx = /b (radius)? dx = /ab m[f(x) — L) dx

We often refer to this technique as the “disk” method because re-
volving a thin rectangular slice of the region (that we might use in a
Riemann sum to approximate the area of the region) results in a disk.
If the region between the graph of f and the x-axis (L = 0) is revolved
about the x-axis, then the previous formula reduces to:

v [l

Example 3. Find the volume generated when the region between one
arch of the sine curve (for 0 < x < ) and (a) the x-axis is revolved

about the x-axis and (b) the line y = 5 is revolved about the line y = %

Solution. (a) The radius of each circular slice (see margin) is just the
height of the function y = sin(x):

T T 1 1
V= / [sin(x)]” dx = n/ sin?(x) dx = n/ {2 ~3 cos(Zx)} dx
0

0
1 T s 2
—ﬂ[2x4sm(2x)]0 _n[z—o] —7[0-0] = 5 ~ 493

y = sin(x)
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y = sin(X)

y = 1(x)
| AR
HIRIRE
I ': y=-1
()
y =1(x) C
I |X
1 5
©
l n y=3
y=1 j )
N 5

1
(b) Here we use the more general disk formula with L = 5

V= /07T T {sin(x) - ;r dx = n/on [sinz(x) —sin(x) + i dx

Tl 1 . 1
= 71/0 {2 - Ecos(Zx) —sin(x) + 4] dx

=7 §x - 1sin(2x) + cos(x) i
47 4 0
37 372
=7 {4—0—1] —nm0—-0+1] = T—Zn
or approximately 1.12. <

Practice 2. Find the volume generated when (a) the region between the
parabola y = x2 (for 0 < x < 2) and the x-axis is revolved about the
x-axis and (b) the region between the parabola y = x* (for 0 < x < 2)
and the line y = 2 is revolved about the line y = 2.

5 5
Example 4. Given that/ f(x)dx =4and / [f(x)]* dx = 7, represent
1
the volume of each solid shown in the margin as a definite integral,
and evaluate those integrals.

Solution. (a) Here the axis of rotation is y = 0 so:

5 5 5

V= /1 7 (radius)® dx = /1 7 [f(x)])? dx = n/l [f(x))? dx =7m

(b) Here the axis of rotation is y = —1 so:

_ P 2 [ e

V= /1 7 (radius)” dx = /1 [f(x) —(—=1)]" dx
5 5
_ 71/1 [F(x) +1]2 dx = 71./1 [(F(0)? +2f(x) +1] dx

—71{/15(f(x))2 dx+2/15f(x)dx+/151dx}
=n[74+2-44+(5-1)] =197

(c) This is not a solid of revolution, even though the cross-sections are
disks. Each disk has diameter equal to the function height, so the
radius of each disk is half that height, and the volume is:

o [l e a1

The last one is left for you. <

Practice 3. Set up and evaluate an integral to compute the volume of
the last solid shown in the margin.
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Solids with Holes

Some solids have “holes”: for example, we might drill a cylindrical hole
through a spherical solid (such as a ball bearing) to create a part for an
engine. One approach involves using an integral (or using geometry) to
compute the volume of the “outer” solid, then use another integral (or
geometry) to compute the volume of the “hole” cut out of the original
solid, and finally subtracting the second result from the first. You
should be able to use this approach in the next problem.

Practice 4. Compute the volume of the solid shown in the margin.

A special case of a solid with a hole results from rotating a region
bounded by two curves around an axis that does not intersect the
region.

Example 5. Compute the volume of the solid shown in the margin.

Solution. The face for a slice made at x has area:

A(x) = [area of BIG circle] — [area of small circle]
= 7 [BIG radius]? — 7t [small radius]?

Here the BIG radius is the distance from the line y = x 4 1 to the x-axis,

or R(x) = (x+1) — 0 = x + 1; similarly, the small radius is the distance

1 1
from the curve y = = to the x-axis, or r(x) = T 0= Y hence the

cross-sectional area is:
2 172 2 1
A(x) =m[x+1] —n[} :n[x +2x+1-—
X X
The curves intersect where:

1
xtl=— = Ptx=1=x>+x-1=0

—1+/1-4(-1) 1iﬁ
> 14V

2 2

= x=

Clearly we need x > 0 for this region, so the left endpoint of integration

must be x = 71%‘/5

the solid is:

while the right endpoint is x = 2, so the volume of

2

2 1 1 1
V:/ n{x2+2x+1—} dx:n{x3+x2+x+]
—145\@ x2 x

3 —1+V/5
2

y=x+2

y = x+1

2

2 145

3 2
23 1 1(-1 5 -1 5 -1 5 2
:n[3+22+2+2}—7{[3<w> +< ;\[> M

which simplifies to % [50 - 5v/5] ~ 20.33. <
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The previous Example extends the “disk” method to a more general
technique often called the “washer” method because a big disk with a
smaller disk cut out of the middle resembles a washer (a small flat ring
used with nuts and bolts).

Volumes of Revolved Regions (“Washer Method”)

If the region constrained by the graphs of y = f(x)
and y = ¢(x) and the interval [a, b]
is revolved about a horizontal line

then the volume of the resulting solid is:

V= /ab {n (R(x))* =7 (r(x))z} dx

where R(x) represents the distance from the axis of rotation
to the farthest curve from that axis, and r(x) represents the

distance from the axis to the closest curve.

If r(x) = 0, the “washer” method becomes the “disk” method.
When applying the washer method, you should:

e graph the region
¢ draw a representative rectangular “slice” of that region

* check that revolving the slice about the axis of rotation results in a
“washer”

¢ locate the limits of integration
* set up an integral
¢ evaluate the integral

If you are unable to find an antiderivative for the integrand of your
y integral, you can consult an integral table or use numerical methods
47 to approximate the volume of the solid. You might also need to use
numerical methods to locate where the boundary curves of the region
3t intersect.

Example 6. Find the volume of the solid generated by rotating the
region between the curves y = 2x and y = x? about the (a) x-axis
(b) y-axis (c) the line x = —1 (d) the line y = 5.

Solution. (a) The curves intersect where x> = 2x = x> —2x = 0 =
X

x(x —2) =0, so the limits of integration should involve x = 0 and

x = 2. Revolving a vertical slice of the region with width Ax about
the x-axis yields a “washer” with big radius R(x) = 2x — 0 = 2x
(the line y = 2x is farthest from the x-axis) and small radius r(x) =
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x?> — 0 = x? (the parabola is closest to the x-axis when 0 < x < 2).
So the volume of the solid is:

V= /02 [77(23()2 - n(xz)z] dx = 71/02 {4x2 — xﬂ dx

44 157 [32 32 _ 64n
—71[335 Sx}o—n{B 5] m[0—0] = 15

(b) A vertical slice revolved around the y-axis does not result in a
“washer” so instead we try slicing horizontally. A horizontal slice of
thickness Ay revolved around the y-axis does result in a washer. The
big radius is the x-distance from the parabola (where x = ,/y) to
the y-axis (where x = 0) so R(y) = ,/y. Similarly, the small radius 37
is the distance from the line (where x = %) to the y-axis (where
x = 0), so r(y) = 4. Because the variable of integration is now y, we 21
need y-values for the limits of integration. At the lower intersection
point of the two curves, x = 0 = y = 0; at the upper intersection 11
point, x =2 =y = x2 = 22 = 4. So the volume of the solid is:

v= [ {N(\@Z—ﬂ(gﬂ dy—ﬂ/;[y—iyz] dy - T

y=0
o1, 1t 16] 8n
_”[ﬂ 1240_”[8 3]_3

(c) This solid resembles the one from part (b), except now the radii

are both bigger because the region (and the curves that form the
boundary of the region) are farther away from the axis of rotation:

R(x)=y—(-1)=y+landr(x) =5 —(-1) =3+ 1
/;:;L [7‘[(\/]7+1)2—7T(g+1>2:| dy
n/04 [(y+2\/y+1) (iy2+y+1>] dy

Lot 1, 4 1 1% 32 16] 16w i
-, [Zwﬂ]dy—”[s-‘/zuy]o—”[s3}—3 |

v

(d) For this solid, slicing the region vertically as in part (a) results -1 ! 2 3
in washers, but here the “near” and “far” roles of the curves are
reversed: the parabola is farthest away from y = 5 while the line is
closest. The radii are R(x) =5 — x? and r(x) = 5 — 2x:

x=2 1367t
_ a2N\2 2 _
V= - 7'([(5 x%) (5—2x)}dx——15
The details of evaluating this definite integral are left to you. ]

Practice 5. Find the volume of the solid generated by rotating the region
between the curves y = 2x and y = x? about the (a) the line x = 5
(b) the line y = —5.
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5.2 Problems

In Problems 1-12, find the volume of the solid gener-

ated when the region in the first quadrant bounded

by the given curves is rotated about the x-axis.

9.

11

.y=x,x=5 2. y=sin(x),x=m
y=cos(x), x =7 4. y=3—x
y=+7-x 6. y=+v9—x
y=5—2x2 8. x=9—1>2
x=121—12 10. X2 4+y?> =4

. 9x2 +25y% = 225 12. 3x% +5y2 =15

In Problems 13-30, compute the volume of the solid

formed when the region between the given curves

is rotated about the specified axis.

13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.

y = x, y = x* about the x-axis

y = x, y = x* about the y-axis

y = x%, y = x* about the y-axis

y = x2, y = x* about the x-axis

y = x%, y = x about the x-axis

y = sec(x), y = 2cos(x), x = % about the x-axis
y = sec(x), y = cos(x), x = § about the x-axis
y=x,y=x*abouty =3
y=1x,y=x*abouty = —4
y=x,y=x*about x = —4
y=x,y=x*aboutx =3
y=x,y=x*aboutx =1
y=sin(x),y=x,x =1abouty =3
y=sin(x),y = x, x = 7 about y = —2

Yy =+/x,y = /x, about x = —2

Y=+, y=+/x about x =4

y=+x,y=+/x abouty =2

Y=V y= Jx abouty = -3

Use calculus to compute the volume of a sphere
of radius 2. (A sphere is formed when the region

bounded by the x-axis and the top half of the
circle x? + y? = 22 is revolved about the x-axis.)

32.

33-

34

35-

36.

Use calculus to determine the volume of a sphere

of radius r. (Revolve the region bounded by the

x-axis and the top half of the circle x2 + 2 = 12

about the x-axis.)

Compute the volume swept out when the top half
2 2
of the elliptical region bounded by ;—2 + g—z =1

is revolved around the x-axis (see figure below).

A Ty
NAVAI/AVAY

Compute the volume swept out when the top half
2 2

of the elliptical region bounded by ;C—z + Z—z =1

is revolved around the x-axis.

Compute the volume of the region shown below.

Compute the volume of a sphere of radius 5 with
a hole of radius 3 drilled through its center.
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37. Compute the volume of the region shown in the margin. y = sin(x) circles

38. Determine the volume of the “doughnut” (called a “torus,” see lower
margin figure) generated by rotating a disk of radius r with center R
units away from the x-axis about the x-axis.

39. (a) Find the area between f(x) = % and the x-axis for 1 < x < 10,
1 <x<100and 1 < x < M. What is the limit of the area for
1<x<Mwhen M — c?

(b) Find the volume swept out when the region in part (a) is revolved
about the x-axis for 1 < x < 10,1 <x <100and 1 < x < M.
What is the limit of the volume for 1 < x < M when M — o0?

5.2 Practice Answers

3 5 3 3 5
L [rle=n -] dv=r [0 -xPar = [ [1-20+) dx_n[x_ngxﬂ .
0 0 0 3 .

2. (a) Slicing the region vertically and rotating the slice about the x-axis
results in disks, so the volume of the solid is:

2 2 2 2
/ n[xz} dx:n’/ x4d_x:71 1x5 :32l
0 0 5 1o 5

(b) Here the slices extend from y = x? to y = 2 so the radius of each
disk is 2 — x2 and the volume is:

/0271[2—3(2}2013(:71/02 [4—4x2+x4} dx—n{4x—;lx3+;x5}z—5l65ﬂ
3 [ rBfRdr= [ w[o—6f(0+ ()] .
:7'[{ 159dx—6/15f(x)dx+/1 [F(x)]2 dx] — [36—6-447) = 197

4. The volume we want can be obtained by subtracting the volume of y=x+2
the “box” from the volume of the truncated cone generated by the
rotated line segment. The volume of the truncated cone is:

I
2 2 1 2 s6n T
2 g _ 2 _ 3 2 _ 2
/o 7T [x + 2] dx—n/o {x +4x+4} dx—n[3x +2x +4x]0_ 3 N 1 5

2
while the volume of the box is [\6} (2) = 4 so the volume of the

6
solid shown in the graph is STH —4 ~ 54.64.
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5. (a) Slicing the region vertically and rotating the slice about the line

x = 5 results in something other than a washer, so we instead
slice the region horizontally. The slice extends from x = A
(farthest from the axis of rotation) to x = ,/y (closest), so the

volume of the solid is:
4 2 32
A Y _ o
[ eG4 G- v?| 4=

(b) Slicing the region vertically and rotating the slice about the line
y = —5 results in washers, so the volume is:

/02 [n(2x+5)2—n<x2+5)2} dx = 88?7{
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