6
Differential Equations

This chapter introduces you to differential equations, a major field
in applied and theoretical mathematics that provides useful tools for
engineers, scientists and others studying changing phenomena.

Physical laws of motion, heat and electricity can be expressed using
differential equations. The growth of a population, the changing gene
frequencies in that population, and the spread of a disease can be
described by differential equations. Economic and social models use
differential equations, and the earliest examples of “chaos” came from
differential equations used for modeling atmospheric behavior. Some
scientists even assert that the main purpose of a calculus course should
be to teach people to understand and solve differential equations.

The purpose of this chapter is to introduce some basic ideas, vocabu- This chapter merely provides an intro-
duction. In the near future you may very

] . . . well take one or more classes solely de-
applied problems that can be solved using calculus. Applications in voted to solving differential equations.

lary and techniques for differential equations and to explore additional

this chapter include exponential population growth, calculating how
long a population takes to double in size, radioactive decay and its use
for dating ancient objects and detecting fraud, describing the motion of
an object, and chemical mixtures and rates of reaction.

6.1 Introduction to Differential Equations

Algebraic equations involve constants and variables, and solutions
of algebraic equations typically involve numbers. For example, x =
3 and x = —2 are solutions of the algebraic equation x> = x + 6.
Differential equations contain derivatives (or differentials) of functions

and solutions of differential equations are functions. The differential
equation ¥’ = 3x? has infinitely many solutions, and two of those
solutions are the functions y = x> + 2 and y = x> — 4 (see margin). y=x3-4

You have already solved lots of differential equations: every time you
found an antiderivative of a function f(x), you solved the differential

T T T T T

equation ' = f(x) to get a solution y. You have also used differential
equations in applications. Areas, volumes, work and motion problems
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all involved integration and finding antiderivatives, so they all involved
solving a differential equation. The differential equation v’ = f(x),
however, is just the beginning. Other applications generate differential
equations that may involve higher-order derivatives of y (such as y")
and functions of y as well as x.

Checking Solutions of Differential Equations

Whether a differential equation is easy or difficult to solve, it is im-
portant to be able to check that a possible solution actually satisfies
the differential equation. A possible solution of an algebraic equation
can be checked by putting the solution into the equation to see if it
results in true statment: x = 3 is a solution of 5x +1 = 16 because
5(3) +1 = 16 is true; x = 4 is not a solution, because 5(4) + 1 # 16.
Similarly, a solution of a differential equation can be checked by
substituting the function (and its appropriate derivatives) into the

2 js a solution of

original equation to see if the result is true: y = x
xy = 2y because y = x> = y' = 2x and x-2x = 2-x% is a true

statement for all values of x.

Example 1. Check that (a) y = x + 5 is a solution of v +y = x*> +7
and (b) y = x + g is a solution of y' + % =2.

Solution. (a) y = x> +5 = y' = 2x = y’ = 2. Substituting these
functions for y and y” into the left side of the differential equation
Y +y = x> +7 yields:

Vi+y=(2)+(x*+5) =x*+7

so y = x* + 5 is a solution of the differential equation.

(b) y=x+ g =y =1- % Substituting these functions for y and i’
into the left side of the differential equation y’ + % = 2, we have:

oy 57 1 5 5 5
Y+ [ x2}+x[x+x} 21+

which matches the right side of the original differential equation. <

Practice 1. Check that (a) y = 2x + 6 is a solution of y — 3y’ = 2x and
(b) y = e, y = 5¢%* and y = Ae®* (where A is any constant) are all
solutions of y’ —2y" — 3y = 0.

A solution of a differential equation with the initial condition
y(xp) = yo is a function that satisfies the differential equation as well
as the initial condition. To check the solution of an initial value prob-
lem (or IVP), we must check that a solution function satisfies both the
equation and the initial condition.



Example 2. Which of the given functions is a solution of the initial
value problem y’ = 3y, y(0) = 5?

(@) y = e (b) y = 5> (©y=—2¢"

Solution. All three functions satisfy the differential equation, but only
one of them satisfies the initial condition that y(0) = 5. If y = ¢*, then
y(0) = 30 =1 #£ 550 y = €3 does not satisfy the initial condition
(see margin). If y = 5¢%, then y(0) = 5¢3(0) = 550 yy = 5¢%* does satisfy
the initial condition. If y = —2¢%, then y(0) = —2¢3%) = —2 £ 550
y = ¢3* does not satisfy the initial condition. <

Practice 2. Which function is a solution of the initial value problem
y' 49y =0,y(0) =22

(a) y = sin(3x) (b) y = 2sin(3x) (c) y = 2cos(3x)

Finding the Value of the Constant

Differential equations usually have many solutions, typically a whole
“family” of them, with each solution in the family satisfying a different
initial condition. To find which solution of a differential equation also
satisfies a given initial condition of the form y(x) = yo, we replace x
and y in an equation describing the solution family with the values x
and vy, then algebraically solve for the value of an unknown constant.

Example 3. For every value of C, the function y = Cx? is a solution of
xy’ = 2y (see margin). Find the value of C so that y(5) = 50.

Solution. Substituting the initial condition x = 5 and y = 50 into the
solution y = Cx?:

50

:—:2
25

50=C(5%) = C
so the function y = 2x? satisfies both the differential equation and the
initial condition. <

Practice 3. For every value of C, the function y = e2* 4+ C is a solution
of y' = 2¢?*. Find the value of C so that y(0) = 7.

Types of Differential Equations

In Chapter 14, we will begin studying partial derivatives of functions
of more than one variable, which can appear in differential equations
called partial differential equations (or PDEs). Because of this, we will

d
call differential equations involving ordinary derivatives, such as %,

dy  d% ) ) . .
Tt or T2 ordinary differential equations (or ODEs).
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6.1 Problems

In Problems 1-10, check that the function y is a

solution of the given differential equation.

1.

2.

10.

S B L o

Y +3y=6y=e+2

Y —2y=8y=e*—4

y' =y ty=x%y =242

3y +y +y=x>—4x;y = x> — 6x
xy' —3y = x%y =7x3 — x?

xy" —y =3, y=x2-3x+5

Y +y=e5y=Lte¥+207%

y" + 25y = 0; y = sin(5x) + 2 cos(5x)

, x
y Y y
V=x—yy=x—1+2"

In Problems 11-20, check that the function y is a

solution of the given initial value problem.

11.

12.
13.
14.
15.
16.
17.
18.
19.

20.

Y =6x>-3,y(1) =2,y =2x>—3x+3
Y =6x+4,y(2)=3y=3x>+4x—17
Yy =2cos(2x),y(0) = 1; y = sin(2x) + 1

y' =1+6sin(2x), y(0) =2; y = x — 3cos(2x) +5
Y =5y,y(0) =7y =7¢>

Y =-2y,y(0) =3y =3 >

W=y yl)=—4y= —%

vy =-xy0)=3y=v9-x

V= ;y(e) =3y =5In(x) -2

Y 4+y=¢,y(0) =5y=jze"+3e"

In Problems 21-30, find the value of the constant

C so a function from the given family of solutions

satisfies the given initial value problem.

21.
22.
23.
24.
25.

v =2x,y3)=7y=x>+C

Y =322 -5y(1)=2,y=x3-5x+C

y' =3y,y(0) =5y = Ce>

y'=-2y,y(0) =3y = Ce >

Yy =6cos(3x), y(0) =4; y = 2sin(3x) + C

26.

27.

28.

29.

30.

y' =3 —2sin(2x), y(0) =1, y = 3x + cos(2x) + C

y’z%,y(e)zz;yzln(x)+c
y’=é/y(1)=3;y=—%+c
vV =-21y2) =10y =%

V=590 =4y=vC-x

In Problems 31—40, find the find the function y that

satisfies the given initial value problem.

31.
32.
33
34.

35.
36.

37
38.

39-
40.
41.

42.

43-

44.

Yy =4x2 —x,y(1) =7

Yy =x—¢%y(0)=3
y=2y)=2

xy' =1,y(e) =7

y' =6, y(0) =1

y =36(3x—2)%,y(1) =8
y' = x-sin(x?), y(0) =3

6
yv'=5y(1) =2
xy' = 6x3 —10x%, y(2) =5
x%y =6x3—1,y(1) =10
Show that if y = f(x) and y = g(x) are both solu-
tionstoy’ +5y =0, theny =3 f(x),y =7-g(x),
y=f(x)+g(x)andy = A- f(x) + B-g(x) are
solutions for any constants A and B.

Show that if f(x) and g(x) are both solutions to
y"+2y' —3y=0,thensoarey =3- f(x),y=7-
8(x), y=f(x)+g(x)andy = A- f(x) +B-g(x)

for any constants A and B.

Show that y = sin(x) +x and y = cos(x) + x
are both solutions of ¥/ +y = x. Are y =
3 [sin(x) + x] and y = [sin(x) + x] + [cos(x) + x]
solutions of y’ +y = x?

Show that y = ¢3* — 2 and y = 5¢3* — 2 are both
solutions of 4 — 3y = 6. Are y = 7 [¢>* — 2] and
y = [¢3* — 2] + [5¢3* — 2] also solutions?
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I
45. The ODE % = A — By (where A and B are pos- 47. The ODE L - % + RI = E (where L, R and E are

itive constants) describes the concentration y of positive constants) describes the current I(t) in
glucose in a person’s blood at time f. Check that

E
an electrical circuit. Show that I = R (1 —e T)
y == — C-e B"is a solution of the ODE for any is a solution of the ODE.

value of the constant C. 48. The ODE m -y" 4+ C -y = 0 (where C is a posi-

ti tant) d ibes th iti f bject
46. The ODE % _ Ay (where A is a positive con- ive constant) describes the position y of an objec

hung from a spring as it moves up and down.

stant) is used to model “exponential” growth and Show that ¥ = A - sin(wt) + B - cos(wt) with

decay. Check that y = C- et is a solution of the C
differential equation for any value of the constant w=4_1sa solution of the ODE for all val-

C. ues of the constants A and B.
6.1 Practice Answers

1.(@ y=2x+6=y =2,y—3y = (2x+6) — 3(2) = 2x (OK)
(b) y = =y =3¢ = y"" = 9% so:

v’ =2y — 3y =93 —2(3¢%Y) —3(e**) =0 (OK)
y =56 =y =15¢% =y = 45¢3* so:
y' — 2y — 3y = 45¢% — 2(15¢%) —3(5¢%*) =0 (OK)
y = Ae¥ =y =34e* =y = 9Ae* so:
y' — 2y — 3y = 9Ae>* —2(3Ae%) —3(Ae**) =0 (OK)

2. We want y” +9y = 0 and y(0) = 2.

(@) y = sin(3x) = y' = 3cos(3x) = y” = —9sin(3x) so we have
y" 4+ 9y = —9sin(3x) + 9 - sin(3x) = 0 (OK) but checking the
initial condition: y(0) = sin(0) = 0 # 2.

(b) y =2sin(3x) = y’ = 6cos(3x) = y” = —18sin(3x) so we have
y" +9y = —18sin(3x) + 9 - 2sin(3x) = 0 (OK) but checking the
initial condition: y(0) = 2sin(0) =0 # 2

() y = 2cos(3x) = y' = —6sin(3x) = y” = —18cos(3x) so y’ +
9y = —18cos(3x) +9-2cos(3x) = 0 (OK) and checking the initial
condition: y(0) = 2cos(0) = 2 (OK).

Only y = 2 cos(3x) satisfies both the ODE and the initial condition.
3. y =¥ + C =y’ = 2¢** (OK) so, plugging in the initial values:
7=y(0)=e*"4+C=7=14+C=C=6

soy =e* +6.
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