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6.5

Heating, Cooling and Mixing

The previous section examined applications of exponential growth and
decay. This section examines other applications involving separable
IVPs that can be solved using the methods of Section 6.3.

Newton’s Law of Cooling

It also applies to natural convection (no
breeze or draft) if the temperature difference between the object and the surrounding air is not too great.

Some rates of change depend on how far the value of a variable quantity
is from a fixed value. The rate at which a hot cup of soup cools (or
a cool cup of water warms up) is proportional to the difference in
temperature between the soup (or water) and the surrounding air. This
principle, called Newton’s Law of Cooling (or Warming), provides an
approximate model for temperature change when the object in question
is subject to forced convection (a steady breeze, for example).

Newton’s Law of Cooling/Warming
If
then
The statement that the rate of change is
proportional to the difference:
f 0 (t) = k [ f (t) − a]
can be observed by experimentation.

f (t) is the temperature at time t of an object
in an atmosphere with constant temperature a,
the rate of change of f is proportional to the difference
between f and a: f 0 (t) = k [ f (t) − a]
and the solution to this ODE is:
f (t) = a + [ f (0) − a] · ekt

This ODE is separable, so we can solve it using the methods of Section
6.3. Or we can let g(t) = f (t) − a so that g0 (t) = f 0 (t) and g(0) =
f (0) − a, transforming the ODE for f (t) into the IVP:
g0 (t) = kg(t),

g (0) = f (0) − a

From Section 6.4 we know that g(t) = g(0) · ekt so that:
f (t) − a = [ f (0) − a] ekt

⇒

f (t) = a + [ f (0) − a] ekt

The margin figure shows some functions with different initial values
that all satisfy the differential equation f 0 (t) = f (t) − 5.
Example 1. A cup of soup sits on a counter in a room with temperature
70◦ F. When first poured into the cup, the soup had a temperature of
200◦ F, and five minutes later its temperature was 150◦ F (see margin).
(a) Find a formula for the soup’s temperature at any time t > 0.
(b) How long does it take for the soup to cool to 100◦ F?
(c) What will the temperature of the soup be after a “long” time?
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Solution. (a) If f (t) is the soup’s temperature t minutes after being
poured and the room temperature is a = 70◦ F, then we know that
f (0) = 200◦ F so f 0 (t) = k [ f (t) − 70] and hence:
f (t) = 70 + [200 − 70] · ekt = 70 + 130 · ekt
We can now use the information that f (5) = 150◦ F to find the value
of k and an equation for f (t):


1
80
k ·5
150 = f (5) = 70 + 130.e
⇒ k = · ln
≈ −0.0971
5
130
so f (t) ≈ 70 + 130 · e−0.0971t .
(b) We now want to find the time t so that f (t) = 100:
100 = f (t) ≈ 70 + 130 · e−0.0971t ⇒ 30 = 130 · e−0.0971t

30
ln 130
⇒ t=
≈ 15.1 minutes
−0.0971
(c) After a “long time” means for very large values of t:
h
i
lim 70 + 130 · e−0.0971t = 70

t→∞

so (eventually) the temperature of the soup approaches 70◦ F, the
temperature of the room.
J
Practice 1. After eating some of the soup in the preceding Example,
you refrigerate the leftover soup, cooling it to a temperature of 37◦ F. At
noon the next day, you move the container of soup from the refrigerator
back to the 70◦ F room. One hour later, the temperature of the soup is
48◦ F. At what time will the temperature of the soup be 60◦ F?

Mixing
Many important applications involve one substance being mixed into
another: chlorine being slowly introduced into a swimming pool, a
toxic gas being mixed into the air in a closed room, or (in a classic
example) salt (NaCl) being mixed into water (H2 O).
Example 2. A tank contains 350 grams of salt dissolved in 10 liters of
water. Pure water begins flowing into the tank at 2 liters per hour, and
the well-mixed solution flows out of the tank at the same rate.
(a) Find a formula for the amount of salt in the tank t hours after this
process begins.
(b) Find a formula for the concentration salt in the tank.
(c) What will the concentration be after a “long” time?
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Solution. (a) Let A(t) be the amount of salt (in grams) t hours after
this process begins. We know that A(0) = 350. Now consider A0 (t),
the rate at which amount of salt in the tank is changing with respect
to time. No salt is flowing in, but the rate at which salt is leaving
the tank is:
A(t) g
L
g
·2
= 0.2A(t)
10 L
hr
hr
which gives us the IVP:
dA
= −0.2A,
dt

A(0) = 350

This is a separable IVP with solution A(t) = 350e−0.2t .
(b) The concentration is:
A(t) g
350e−0.2t g
g
=
= 35e−0.2t
10 L
10 L
L

C (t) =
(c) After a “long” time:

lim C (t) = lim 35e−0.2t = 0

t→∞

t→∞

This seems reasonable: after a very long time, most of the original
salt in the tank will be flushed out, replaced by pure water.
J
Practice 2. A tank contains 300 grams of salt dissolved in 10 liters of
water. Water containing 15 grams of salt per liter begins flowing into
the tank at a rate of 4 liters per hour, and the well-mixed solution flows
out of the tank at the same rate.
(a) Find a formula for the amount of salt in the tank t hours after this
process begins.
(b) Find a formula for the concentration salt in the tank.
(c) What will the concentration be after a “long” time?
If the volume of liquid in the tank does not remain constant, the
differential equation can become a bit more complicated.
Example 3. A 20-liter tank contains 250 grams of salt dissolved in 10
liters of water. Pure water begins flowing into the tank at a rate of 5
liters per hour, and the well-mixed solution flows out of the tank at a
rate of 3 liters per hour.
(a) Find a formula for the amount of salt in the tank t hours after this
process begins.
(b) Find a formula for the concentration salt in the tank.
(c) What will the concentration be at the moment the tank overflows?
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Solution. (a) Let A(t) be the amount of salt (in grams) t hours after
this process begins. We know that A(0) = 250 and that the volume
of water in the tank is V (t) = 10 + 2t (because 5 liters of water flow
in each hour, but only 3 liters flow out). No salt is flowing into the
tank, but the rate at which salt is leaving the tank is:
L
3A(t) g
A(t) g
·3
=
10 + 2t L
hr
10 + 2t hr
which gives us the IVP:
dA
3A
=−
,
dt
10 + 2t

A(0) = 250

This is a separable IVP:
1 dA
3
3
·
=−
⇒ ln( A) = − ln (10 + 2t) + C
A dt
10 + 2t
2
Using the initial condition:
3
3
ln(250) = − ln(10) + C ⇒ C = ln(250) + ln(10)
2
2
Solving for A:
3

3

ln( A) = ln (10 + 2t)− 2 + ln(250) + ln(10 2 )
√
√
2500 10
− 23
⇒ A(t) = (10 + 2t) · 250 · 10 10 =
3
(10 + 2t) 2
(b) The concentration is:

√
A(t) g
2500 10 g
C (t) =
=
5
10 + 2t L
(10 + 2t) 2 L
(c) The tank overflows when 20 = 10 + 2t ⇒ t = 5, at which time the
concentration is:
C (5) =

√
2500 10

25 g
= √
4
2 L
(10 + 2 · 5)

or about 4.42 grams per liter.

5
2

J

Practice 3. A 20-liter tank contains 250 grams of salt dissolved in 10
liters of water. Water containing 35 grams of salt per liter begins flowing
into the tank at a rate of 5 liters per hour, and the well-mixed solution
flows out of the tank at a rate of 3 liters per hour. Set up an initial
value problem to model the amount of salt in the tank t hours after this
process begins. Is the ODE separable?
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6.5 Problems
1. You remove a cheesecake from the oven with an
ideal internal temperature of 165◦ F and place it
into a 35◦ F refrigerator. After 10 minutes, the
cheesecake has cooled to 150◦ F. If you must wait
until the cheesecake has cooled to 70◦ before you
eat it, how long will you have to wait?
2. When a pot of hot (200◦ F) water is removed from
the stove in a 70◦ F kitchen, it takes 15 minutes
to cool to a temperature of 150◦ F.
(a) Find a formula for the temperature of the water t minutes after it is removed from the stove.
(b) When will the water be 100◦ F?
(c) When will the water be 80◦ F?
(d) When will the water be 60◦ F?
3. When you remove the pot of 200◦ F water from
the previous problem from the stove and take it
outside on a 40◦ F day, it only takes 4 minutes to
cool to a temperature of 150◦ F.
(a) Find a formula for the temperature of the water t minutes after it is removed from the stove.
(b) When will the water be 100◦ F?
(c) When will the water be 80◦ F?

5. A tank initially holds 100 gallons of brine (water
mixed with salt) containing 50 pounds of dissolved salt. Pure water flows into the tank at
a rate of 3 gallons per minute and flows out at
the same rate, with the brine concentration kept
roughly uniform by constant stirring. How much
salt remains in the tank after one hour?
6. A tank initially holds 1000 liters of brine containing 8 kg of dissolved salt. Pure water enters the
tank at a rate of 10 liters per minute and brine
(with concentration kept roughly uniform by constant stirring) leaves the tank at the same rate.
(a) Find the concentration of salt in the tank after
half an hour.
(b) Determine the limiting concentration of salt in
the tank after “a very long time.”
7. A large tank initially contains 100 gallons of brine
(water mixed with salt) containing 50 pounds of
dissolved salt. Pure water flows into the tank at
a rate of 3 gallons per minute and flows out at 2
gallons per minute, with the brine concentration
kept roughly uniform by constant stirring. How
much salt remains in the tank after one hour?

4. When you remove a pitcher of orange juice from
a 40◦ F refrigerator into a 70◦ F kitchen, it takes
25 minutes to warm up to a temperature of 60◦ F.

8. A tank initially holds 1000 liters of pure water.
Brine containing 8 g of dissolved salt per liter
enters the tank at a rate of 10 liters per minute
and the well-mixed solution leaves the tank at the
same rate.

(a) Estimate the temperature of the juice t minutes
after you removed it from the refrigerator.

(a) Find the concentration of salt in the tank after
half an hour.

(d) When will the water be 60◦ F?

(b) When was the juice 50◦ F?
(c) When will the juice be 65◦ F?

(b) Determine the limiting concentration of salt in
the tank after “a very long time.”
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6.5 Practice Answers
1. The temperature of the soup t minutes after being removed from the
refrigerator is:
f (t) = 70 + [37 − 70] · ekt = 70 − 33ekt
Using the fact that f (60) = 48:
48 = 70 − 33ekt ⇒

22
1
= e60k ⇒ k =
· ln
33
60



22
33



≈ −0.006758

so that f (t) ≈ 70 − 33e−0.006758t . If 60 = 70 − 33e−0.006758T then:
 
10
1
10
−0.006758T
≈ 176.7
=e
⇒ T=−
· ln
33
0.006758
33
so the soup will warm up to 60◦ F after roughly three hours.
2. If A(t) is the amount of salt (in grams) t hours after this process
begins, then:
dA
g
L
Ag
L
= 15 · 4
−
·4
dt
L
hr 10 L
hr
so A(t) satisfies the IVP:
dA
2
= 60 − A,
dt
5

A(0) = 300

(a) This IVP is separable, so we can solve it:


Z
Z
5
2
1
dA = 1 dt ⇒ − ln 60 − A = t + C
2
5
60 − 25 A


2
2
⇒ ln 60 − A = − t + K
5
5

Using the initial condition:


2
2
ln 60 − · 300 = − · 0 + K ⇒ K = ln(60)
5
5
so that:


2
2
2
2
ln 60 − A = − t + ln(60) ⇒ 60 − A = −60e− 5 t
5
5
5
where we need to use a − sign when “undoing” the absolute
value to ensure that the initial condition
A(i0) = 300 will still hold.
h
2

Solving for A yields A(t) = 150 1 + e− 5 t .
h
i
2
(b) Divide by the volume to get C (t) = 15 1 + e− 5 t .
h
i
2
(c) lim 15 1 + e− 5 t = 15, so the limiting concentration is 15 g/L
t→∞

(the concentration of solution flowing into the tank, as expected).
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3. If A(t) is the amount of salt (in grams) t hours after this process
begins, then:
dA
g
L
Ag
L
= 35 · 5
−
·3
dt
L
hr (10 + 2t) L
hr
so A(t) satisfies the IVP:
dA
3A
= 175 −
,
dt
10 + 2t

A(0) = 250

This is not a separable equation. (You will learn how to solve
equations of this type in a course about differential equations. For
now, you could construct a direction field to analyze the behavior of
solutions to the ODE.)

