Section 5.1
1. (8)(6)(1) +(6)(4)(2) + (3)(3)(1) = 105
3. 7(4)2(0.5) + 7(3)*(1.0) + 7(1)%(2.0) = 197
5. (9)(0.2) +(6)(0.2) +(2)(02) = 3.4
7. 3 =39
0
9. /0 %x+1 \fdx—%
4—x]? 167
11. /o 7'({ > ] dx:T
13. If A(y) is the cross-sectional area of object A at

15.

17.

19.

21.

23.

2

Ul

27.

29.

31.

height y above the base and B(y) is the cross-

sectional area of object B at height y above its

base, then we know that A(y) = B(y) for all val-
b

Aly)dy = /ab B(y)dy =

Vol (B): the volumes a;‘Ze equal.

47172 3
/ M x =3

ues of v, so Vol(A) =

0 2 2 32
2 TN P L
(a)/ (G+x—22) x} dx = 22 ~ 13021
2
6257

2
c)/ 3—0—x—2x} dx _%N%o

3  n272
(d) /ZZ[M} dx:@%&[%
J1

V2 192

. /08{ 8—y]2dy:32

/fﬁ [Vs_y_zrdy: % [299 - 1127

2 2

@ o [ (Fx) =gt o4

() BL (b)/ Dxdx = BL (0 }

Section 5.2

5
1. / X dx = @
0

(S8

Ul

15.

17.

19.

21.

23.

25.

27.

29.

_—

./;

3

T

7 cos®(x) dx =

A35

213

7 ”+\ﬂ

(There are actually two such regions.)
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10 1 100 1 M1
39. (a) / o dx = In(10); / p dx = 1In(100); / o dx =In(M); lim In(M) = oo
1 1 1

M—o00

10 77 9 100 77 99 M 1 1
_— = — M —_— = — M _— = _—— M 1‘ 1 _— =
(b) /1 2 dx 107(,/1 2 dx 10071,/1 2 dx {1 M] 7; lim [ M} T=7

Section 5.3

1. V152 +20% + \/(—24)2 +18%2+ \/122 + (—12)* ~ 71.97 ft

11.

13.

15.

17.

19.

21.

23.

24.

25.

27.

AA-0P+2-17+/2-1) + (42 ~ 365

(a) \/(2—0)2+(5—1)2 =25 (b) ./02\/1+ [2)%dx =
@622 +(-5-12=3V5 @) [ P + 2P dx =

Yy =x? = \/E,soL:f04\/1+ [\/ﬂzdx:f;\/mdx: {% (1+x)%}2: z [5\/5—1}

1 _ ’ 1 1 _ 1 1 1 )\

/ 2 2 / 4 4 2 2

= —_ = 1 :1 —_ = o = o = — ,

y=x- =1+ Y] T = o e =xt+ 2 +16x (x + ¥ ) so
5 5 1 1 1 > 1125 1 1 11 623

L= 14+ [y dx = 24 “x2 — oSy = | S22 =222~ 4153
A + [v'] dx | {x + ¥ dx 35 % 1 3 % 371 15

16 16 4

5 5 1 1 > 1 1 1
_ / N2 4. — 4,1 4 _|t5_ L. -3 2| ~ea
L /1 14+ [y dx /1 {x + —x } dx [Sx o~ } [625 1500] [5 1 } 624.88

1

1 1
L= [ 1+ afdx= [ V1+4x2dx ~ 14789 (using technol
A [2x] A (using technology)

L ’ 1 71 2d ’ 1 1d 8.2681

—/1 —i—[zﬁ} x—/lw +E x ~ 8.
I 2 I 7

L:/ 1+ [cos(x dx:/ 1+ cos2(x dx%1.058;L:/ 14 cos?(x) dx ~ 0.852
V1 feosPar = [ /14 co(x) Vi)

/ B sin(t)? + [2cos(t) P dt = /O 7 J255in? (1) + 4cos? () dt = 23.018

11 1.1 1 _4\°
y’:x4—fx*4:>1+[y} 1+x—7+— L N +x8:(x4+x4>,so

20 20
/ \/ —t-sin(t) 4 cos(t)]* + [t - cos(t) + sin(¢)]* dt = /10 V' 1+ t2dt ~ 150.346
10

/02n \/[R (1 —cos(t))]* 4 [Rsin(t)]*dt = R ./0271 \/2 (1 —cos(t))dt ~

52801t ¢ 1 6723 feet ~ 1.27 miles
T A ft " rev
Tev

4 4 a 1
L= / 1+ [2x]% dx = / V1 + 4x2 dx ~ 16.8186 so we need a such that/ V1+4x2dx ~ = (16.8186) =
0 0 0 2

b 1
8.4093 and b and ¢ such that / V1+4x2dx =~ 3 (16.8186) = 5.6062 and [y v/1+ 4x2dx ~ % (16.8186) =
0
11.2124. Guessing and checking using technology yields a ~ 2.77, b ~ 2.22 and c ~ 3.23.




2 3 1
29. y_*xz‘f';
X

31. (@) A:27(3)(4) =24m; B: 2(1)(2)
(b) A:271(5)(4) = 407; B: 271(8)(2)
33. (@) A:27m(3)(3) = 18m; B: 271(4)(5)
(b) A: 2n(2) (3) = 1277; B: 271(6.5)(5) = 657

|
»hwq;

35. 8 = 7 = 90° results in the midpoint of the line

segment being furthest from the x-axis.

1
[ 2mx\/1 + [6x2)% dx ~ 10.207
37 /O [6x7]
1 2
30. / 27 (22%) /1 + [4x]?dx ~ 13.306
0
2
3 2124 — & _
41. /O 2rx/1+ (352 dx = - [145V/145 — 1]
2
2,1 _
/027rx\/1+[2x] ax = 7 [17v17 - 1]

el

43.

(SS)

45. Rotate y = v/ R? — x2 about the x-axis to get a

sphere of radius R. Then:

y= [R2—x2}%:>y':—x[R2—x2}

x2 1
1-22 1-22

1
2

S1+ [y =1+

so the slice from x = a to x = b has surface area:

b > | 1
/a 27T R2_x2' deZZTC(b—a)

which depends only on the width of the slice.

47. Cake: no; frosting: yes.
48.(a) | 2m-y\/1+[g'(y)) dy
) [ 27m-gy)/1+ 18 W) dy
49. (2) 01 27 - ym dy ~ 7.055
(b) 12n.eymdyz22.943
s0.(@) [ 2yl (O + [y (o)

®) [ 2m (i) (O + [y ()] dt

51. (a) /07 27sin(£)y/ [~ sin(t)]? + [cos(£)2dt = 271

(b) 27rcos(t)\/[— sin(t)]* + [cos(t)]* dt = 27

A3z

53. / i \/ [—sin(t)]? + [cos(£)]* + [1)% dt = 471v/2
55 / \/ + [32)% dt ~ 1.863
57. /OZH\/[*3sin(t)]2

Section 5.4

1. A “slice” of water y ft high with thickness Ay ft:

i

has volume 3 - 4 - Ay = 12Ay ft?, so its weight is
62.5(12) Ay 1b; the work required to lift this slice
(7 —y) feet is 750(7 — y) Ay ft-lbs. The total work
required to pump out all of the water is:

-
A
\
N\
\
w2 \
Ay
O ) W Mgy Dy
-
>
=

7
/ 750(7 — y) dy = 18375 ft-bs
JO

3. (a) A slice of oil at initial height ¥ m with thick-

ness Ay m has volume 5-2 - Ay m3, so its
mass is 900 (10Ay) = 9000Ay kg and the
force required to lift it is (9000Ay)(9.81) =
88290Ay N. Lifting this slice (4 —y) m re-
quires 88290(4 — y)Ay N-m of work, so the
total work needed to empty the tank is:

4
/ 88290(4 — y) dy = 706320]
0

(b) The top 10m? corresponds to the top 1 m of
oil, so the work required is:

4
/3 88290(4 — y) dy = 44145]

706320]
200

(c) = 3531.15sec &~ 59 min

sec

+ [2cos(t)]* + [7 cos(71))* dt ~ 33.293
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5. (@) A slice of water at initial height y m with
thickness Ay m has volume 7 (1)* Ay m3, so
its mass is 1000 (7tAy) = 10007tAy kg and the
force required to lift it is (10007tAy)(9.81) =
98107rAy N. Lifting this slice (6 —y) m re-
quires 98107t(6 — y)Ay N-m of work, so the
total work needed to empty the tank is:

6
/ 98107(6 — ) dy = 1765807 ~ 554742 ]
0

(b) The distance each slice must be lifted is now
(6 —y) +2 = 8 —y so the total work done is:

6
/ 98107(8 — y) dy = 245257 ~ 77048 |
5
(c¢) The work needed to remove half the water is:
6
/ 981077(6 — y) dy = 441457 ~ 138686 ]
3

and J hp = 1 (746 watts) = 373 watts so:

138686 ]

373 L

= 372sec ~ 6.2 min

6. (a) Using similar triangles on a cross-section of
the cone and a slice of radius  at height y:

1
Y so the volume

-
3 =

reveals that - =
/ 2
of the slice is 7 [%} Ay ft® and its weight is

2
25- nyZAy Ib. The work required to lift this
slice 8 — y ft to the top edge of the cone is
2
thus %yz (8 —y) Ay ft-Ib, so the total work

needed to empty the container is:

8257 , 64007t

S YV @-ydy=

()/25”2 y) dy =

~ 6702 ft-lbs

16757 . 1754 filbs

7. Half the work is 3351 ft-lbs, so find / so that:

h
3351:/ Z?T”yz 8—y) dy =
0

Solving this equation using technology yields

25” [32}13 3h4}

h =~ 4.9 so you should dig from the top down to a

depth of 3.1 ft and leave the rest for your friend.
8. Using similar triangles on a cross-section of the

trough and a slice of width w at height y:

with thickness Ay reveals that % =¢=w=3y
so the weight of this slice, which must be lifted
(4—y) ft, is 80 (3y) (7)Ay Ib and the total work
needed is:

4
/O 840y (4 — ) dy = 8960 ft-lbs

9. If the bottom 70 ft* of slop has depth h ft:

40

1, (3
Sh <2h) (7) =70 = h=/ 3 ~3.65ft

so the work needed to remove the top 14 ft3 is:

4

840y (4 — y) dy ~ 192.21 ft-lbs
3.65

11. (a) A horizontal slice at height y = x is (ap-
proximately) a disk with radius x = /2y and

thickness Ay:

2
has volume 7 {\/Zy} Ay = 2myAy m® and
; that slice must be lifted
(2 —y) m so the total work required is:

mass 20007ryAy m3

2
/ 200071(9.81)(2 — y) dy ~ 82184 ]
0



(b) Each slice is lifted (2 —y) +3 = (5—y) m, so
the work needed is now:

2
/0 200071y(9.81)(5 — y) dy ~ 452012 ]

13. Rotate the circle x? + y?> = 16 about the x-axis
to generate the sphere. A slice at height y (for
—4 <y < 4) and thickness Ay is (approximately)
a disk with radius x = /16 — y*:

Y x2+yz=l6

4T

2
so the slice has volume 7 {\/16 — yz} Ay and

mass 10007 [16 — y2] Ay; the slice must be lifted
(4 —y) m, so the total work is:

2
/ (9.81)10007 (16— y?) (4 — y) dy ~ 2753166
—4

15. (a) The leftmost container: more water is near
the bottom, so more of the water must be lifted a
greater distance. (b) The rightmost container.

17. (a) 85 ft-lbs (b) 35 ft-lbs
3
19. (a) / 6x dx — 27 in-oz ~ 0.14 ft-Ibs
JO

6
) / 6x dx — 108 in-oz ~ 0.56 ft-Ibs
0
21. (a) The average force between x = 23 and x = 33
is ~ 15 dyn so the work done is about:
15(33 — 23) = 150 dyn-cm = 0.000015 J
(b) The area under the graph between x = 28 and
x = 33 is about 90 dyn-cm = 0.000009 ]J.
23. Converting cm to m and applying Hooke’s Law
yields 3(9.8) = k(0.15) = k = 196 so the total
work is:

0.19 0.19
/ 196vdx = [98x2] | =13328]
0.15 0.15

A39

25. (a) Ceres’ radius is 475 km = 475000 m and:

GMm = (6.673 x 10*11) (896 x 1018) (100)

or 5.979 x 10'?; the work to lift the payload
from x = 475000 m to x = 485000 m is:

485000 5 979 % 1012
/ 5979 X 107 1 ~ 259530
4

75000 x2

/'575000 5.979 x 10'2

(b) dx ~ 2189110 ]

J475000 x2
975000 5.979 x 1012
© / 27X 0 dx ~ 6455070 ]
475000 X

27. (@) Answers will depend on your mass. If your
mass (including a space suit to ensure your

survivial) is 100 kg then:
GMm = (6.673 x 10—“) (7.35 x 1022) (100)

or 4.905 x 104; the work done lifting you from
x = 1737500 m to x = 1937500 m is:

/1937500 4.905 x 10™
1

2 dx ~ 29138818 ]
737500

/2137500 4.905 x 101
1

737500 x?
( /11737500 4.905 x 10
C e —

1737500 x2
29. We know that —0.1 = % =k = —10.

dx =2 52824758 ]

dx =~ 240496104 ]

10 _10
@) /20 o dx=05]

110
) ./10 o dx=9]

01 _
© / T dx=90]
27 ; 5 5 B 27 B ’
31. /0 t\/[— sin(t)]” 4 [cos(t)]” dt —/0 tdt =27
33- /01 t/ (24 + 1) dt = /01 tV1 412 dt = 5‘/1572_1

35. This is the same as Problem 31. To solve with-
out calculus, “unroll” the region to get a trian-
gle with base 27 (the circumference of the cir-
cle upon which the region was originally sitting)
and height 27t. The area of the triangle is then

% (2n) (271) = 2722,
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Section 5.5

Graphs of the regions from Problems 1, 3, 5 and 7 appear below:

11.

13.

17.

1

X

1 2
. A vertical slice rotated around the y axis results in a tube: / 27txy/ 1 — x%2dx = ?ﬂ ~ 2.09
0

. We need to split this region into two pieces. The curves intersect where x> = 2x = x> —2x = 0 =

x(x—2)=0=x=0o0rx =2 For0<x <2, y=2xis the top curve and y = x2 is the bottom curve, so
the height of a vertical slice is 2x — x2; for 2 < x < 3, the roles are reversed, so the height is xZ — 2x:
7t 237w

2 3
_ .2 _ 2 _ _ I _ AT
/0 27 (4 —x) {Zx x } dx+/2 27 (4 —x) [x Zx} dx =8m+ > > 36.13

3
. Vertical slices yield tubes: / 27t (5 —x) [ch - :ﬂ dx = [101In(3) — 8] 7w ~ 9.38
1

Vertical slices yield tubes, but the resulting integral requires numerical integration or tables (for now):
4
/ 27tx [x — In(x)] dx ~ 85.83
1

Horizontal slices result in washers and require us to split the region into three pieces, but finding
antiderivatives is easier:

/01 [(e¥)? = 12] dy+/ [(e)? — 32 dy+/ 22| dy

_ @ —23) T (5037 - 2(n9)°) + (4_1“(4))23(8““(4))” ~ 85.83

Washers:/ 27tx{ —x) —x? dx—I—/ 27rx x — (6 —x)} 35%—1—? ¥~28327

Tubes: /Oﬁ 270x [VO— 22 — x| dx =97 (2 V2) ~ 1656
/01 27mx [xz - xﬂ dx = % 0.52 15. ./0-\/% 27x - sin (xz) dx =2 ~ 6.28

? ! d V3 1 /1271(3—x)[x—x4} dxfzz—ﬂ"'461
/0 2nx-m x—n(Z— 3)~O.84 9 | I




21. /017'[ {(x—(—3))2— (x4—(—3))1 dx = %”

25, /0127I(x+2) [1—1] dx = 7[5 — 11— In(2)] ~ 3.66

1+ x2

Ayt

1 1
23. /O 27 (2= %) {7y 4 = 7= In(2)] ~7.69

27. Slicing horizontally results in washers and requires us to split the region into two pieces:

[l o) =l oo [l (o) o7

which evaluates to = — +

13r (24v2-31) 7
3 5

~ 15.46.

29. Slicing horizontally results in tubes and requires us to split the region into two pieces:

which evaluates to = 771 +

=0

(64\@ - 83) T
R

Section 5.6

1. (a)

(b)

()

3. (a)

(b)

The total mass is m = 24+5+5 = 12 and
M0:2~4+5-2+5~6:48s07:%:4.
The total mass isnow m =2+4+5+4+5+8 = 20
and if the new object is located at x = b then
My=2-445-24+5-64+8-b=48+8b so:
48 4- 8b
20

If the new mass is y, the total mass becomes
m =12+ p and My = 48 + p - 10 so:

48 1+ 10u
12+ p

m=2+5+5=12, while My, =2-4+5-2+
5-6=48and My =2-3+5-44+5-2 = 36,

_ _ 6
sox—ﬁ—4andx—ﬁ—3

The total massisnow m =2+5+5+10 =22
and if the new object is located at (b, ¢) then
My = 48 +10b and My = 36 + 10c so:

_ 48+10b 24 5
36+4+10c 18 5
= > _ﬁ+ﬁC=>C—O.8

You should locate the new object at (6.2,0.8).

5=X%= =24+4+04b = b=65

6=x= H==6

2=y

~ 25.92.

/yy_lzn(z;_y) (2+72) = (1+¥)] dy+/yy_1ﬁ2”(4_y) 3= (1+9)] 4

. Split the region into two rectangles, A and B

Then A has mass 6
and center of mass (0.5,4), while B has mass

(see figure below left).

6 and center of mass (3,0.5). The total mass
is m = 12, M, = (6)(0.5) + (6)(3) = 21 and
M, = (6)(4) + (6)(0.5) =27, s0 % = 2} = 1.75
and ¥ = 2 = 2.25. Note the center of mass
(1.75,2.25) is not in the region!

7—|

| Nl

1A 0034 <«
i 5l

] MCOM _______N. -3
47T B 1 ;

T ! <A

P 6 Lo s

. Split the region into three rectangles, A, B and

C (see figure above right). Then A has mass 3
and center of mass (1.5,0.5), while B has mass
2 and center of mass (2,1.5), and C has mass 1
and center of mass (2.5,2.5). The total mass is
m =6, My = (3)(15) + (2)(2) + (1)(25) = 11
and M, = (3)(0.5) + (2)(1.5) + (1)(2.5) = 7, so
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9. Split the region into three pieces, A, B and C

11.

13.

15.

(see below left); assume p = 1. A has mass

(8)(4) =

B has mass 7 (22) = 27t and center of mass
(2,84—%( )), and C has mass 37 (42) = 87

= 32 and center of mass (2,4), while

and center of mass (4 + 4 (4),4) . The total mass
is 32 + 107t, while:

M, = (32)(2) + (27)(2) + (87) (4 + ;i) ~ 219.76

M, = (32)(4) + (2n) <8+ 8) + (8m)(4) = 284.13

=~y 219.76 Tay 28413
SO X = iy ~ 347 and y ~ Zygy ~ 4.48
B
£ ¢
; 4
A—>
4 8 1 3

See above right. With p =1, m = foaxdx =3,
31

3
— . — — —_ 2 g
]9\/Iy—/0x xdx =9 and M, /02 [x]7 dx
Esof 41 2andy—45—1

See below left. The region is symmetric about
the y-axis, so x = 0. With p = 1, m

ffz [4—x?] dx = % and:
21 2 128
_ - (42 S
Mx—/_zz[(él) (x)]dx 5
128
= 12
—=_ 5 _ 1 _
soy—i—z—g—z.él.
3
v=4
T coM
+ Jy-x?
—t ——
2 2

See above right. By symmetry, X = 0. With p =1,
m= ffz (4 —x%) dx = % and:

2 1 2 256
_ - N2 _ =~
Mx—/_zz[él x] dx = =
256
26 g
soy:%:gzlb

Z, while

18 and M, =
18 4
? = 5 and

f03

17. pr—lm

:fo
Bl

_ 72 16
Y= =
2

— 3] dx
]dx
}dxz7250§=

3 (See below left.)

NY=9-x

COM| =3

° \

y=3
1
1 3 4

= fogﬁdx =

See above right.

If p =
18, My = [/x-xdx = 972 and M,
91 97.2

03 [VA]? dx = 2025 s0 ¥ = 5 =54 and

20.25
BECR
Ifp=1m= f01 [e —e¥] dx = 1, while:

19.

= 1.125.

21.
1
My:/x~[e—ex}dx%0.359
0
11 1
_ : — (%2 —
Mx—/o 2{6 (e )}dx 1

so X ~ 0.359 and y ~ 2.097. (See below left.)

(e2 + 1) ~ 2.097

y=e*

COM

1
[ N=x

23. (a) The box has weight 10 and center of mass
located 6 inches above the center of its base. If
the box is filled with liquid to a height / inches,
then the weight of the liquid is (%) (60) = 5h
and the liquid’s center of mass is located % inches
above the center of the box’s base (see figure
above right). The total weight is thus 10 + 5k and
the moment of the system about the base of the
box is (10)(6) + (5h) (%) = 60 + 3h?, making the
height of the system’s center of gravity:

60+ 312
- 10+5h



25.

27.

29.

31.

33-

35-

(b) To minimize H, compute:

aH _
dh

(10 +5h) - 5h — (60 + 3H?) -5
(10 4 5h)*

Set this equal to 0 to get h = —2 4 2+/7. The
— option is unrealistic, so the only critical point
occurs where h = —2 4+ 2v/7 = 3.3 inches. Both
“endpoints” (empty and full) have center of mass
at 6 inches, so i ~ 3.3 must yield a minimum.

The can has mass 15 g and center of mass located
at height 6 cm. If the soda in the can has height
h, the mass of the soda is (400 g) (%) = 1000 o
and its center of mass is at height % The mass
of the can-soda system is 15 + % and the mo-
ment of the system about the bottom of the can
is (15)(6) + (103071) (%) so the height of the sys-
tem’s center of mass is:

90+ 3% 5441082
- 15+% 9420k

On your own.

Yes. (What are the only shapes that have exactly
two lines of symmetry?)

The center of gravity of the water is 2 feet above
the bottom of the box, so the total work is
(300 1b) (8 ft) = 2400 ft-lbs.

The center of gravity of the water is at the
center of the sphere. The total volume of wa-
e -

m-,
of water is % kg and the total work is

(320007 10 <9 81 sgéz) (5m) ~ 1643681 ].

ter is so the total mass

The area of the square is 4 cm?. Using Pappus’
Theorem about solids of revolution:

(@) (4cm?) (27-4 cm) = 327 cm®
(b) (4 cm?) (27-3 em) = 247w cm®
(©) (4cm?) (272 em) = 167w cm?
(d) (4 em?) (273 cm) = 247 cm?®
(e) (4cm?) (27‘( (%)2 + (3—%)2 cm) ~ 20.97 cm®

A43

37. The perimeter of the square is 4 cm. Using Pap-

39

41.

43.

pus’ Theorem about surface areas of revolution:

(@) (4cm) (274 cm) = 327 cm?
(b) (4 cm) (271 -3 cm) = 247 cm?
(¢) (4cm) (271-2 cm) = 1671 cm?
(d) (4 cm) (27-3 cm) = 247 cm?

() (4cm) (271 (18) + (%)2 cm) ~ 20.97 cm?

The area of the circle is 47 cm? and the perimeter
is 47t cm. Using Pappus’ Theorems:

(a) volume = (471 cm?) (277 -5 cm) = 407> cm?®

surface area = (47t cm) (277 -5 cm) = 407% cm?

(b) V= (47 cm?) (27 -3 em) = 247% cm®
SA = (47 cm) (277 - 3 cm) = 247? cm?
(©) V= (47 cm?) (27 -4 cm) = 327> cm®
SA = (47 cm) (277 - 4 cm) = 32712 cm?
(d) V= (47 cm?) (27 -3 cm) = 247> cm®
SA = (47 cm) (277 -3 cm) = 247> cm?

[y

(e) V= (4cm?) (271- (%)2 + (3—?)2 cm> ~ 98.86 cm®

(e

(f) SA = (4cm) <27r- (%)2 + (3—1)2 cm) ~ 98.86 cm?

Each rectangle has area 8, perimeter 12 and a cen-
troid 3 ft away from the axis, so each rectangle
has volume 8 - 277 - 3 = 4877 ft*> and surface area
1227 -3 = 727 {12,

Colorado? Hawaii?

Section 5.7

1.

Replace the upper (infinite) limit of the integral
with a massive number M:

© 1 M 1 M
/ dx = lim x 3dx = lim |—=x 2
10 x3 M—o J10 M—oc0 2 10

qim ooy 1
T Mo | 2M2 200|200

so the improper integral converges to 0.05.
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3. Replacing the upper limit of the integral with M:

v d li v
/ﬁ T = fim [arctan(x)]
. o
= I\}Il{)noo [arctan(M) - 5} =g

so the improper integral converges to %.

5. Replacing the upper limit of the integral with M:

e X ln(x) o

Substitute u = In(x) = du = ldx,sox = e =
u=In(e)=1land x = M = u = In(M):

M In(M) In(M)
/e x.li(x)dx—/1 %du: {51r1(u)}1

=5In(In(M)) — 0

lim

M—oo Je X - ln(x)

Returning to the improper integral:

M
lim
M—o0 Je

dx = lim [5In(In(M))] = o0

x - In(x) M—c0

so the improper integral diverges.
7. Replacing the upper limit of the integral with M:
M

li
m x_2

M—c0 J3

dx = lim [m(p-z\)f

= lim [In(M—2)—-0] =00
M—o0
so the improper integral diverges.

9. Replacing the upper limit of the integral with M:
M 1 M
(x—2)3dx = lim [—Z(x - 2)2}

M—o00

lim
M—o /3 3

—gim |- L 41
Moo | 2(M-—2)2 2

so the improper integral converges to 0.5.

11. Replacing the upper limit of the integral with M:

M
lim

(x+2) 2dx = lim [~(x+2)71]
M—o0 J3 M—o00 3

11
Moo | M+2 5
so the improper integral converges to 0.2.
13. Replacing the lower limit of the integral with a:
4 1
x 2dx = lim [Zﬁ]
a—0t

= lim [4-2va] =4

a—07*

lim

4
a—0t Ja a

so the improper integral converges to 4.

15.

17.

19.

21.

Replacing the lower limit of the integral with a:

6 16
lim x*% dx = lim [4xi}
a—0" Ja a—0T a
4 4 3 32
— 1 .81 =2=
it [3 8 3”4} 3

so the improper integral converges to %

Replacing the upper limit of the integral with b

and using Appendix I:
b1 x\1?
li dx = li in (=
[ e g )

T . (b T
= lim arcsin | - | = =
b—2- 2 2
so the improper integral converges to 7.

Replacing the upper limit of the integral with M:

M
sin(x) dx = lim
M—ro00

= lim [—cos(M) + cos(—2)]

M—o0

lim

Jm [ [ — cos(x)} Ii

This limit does not exist, so the integral diverges.

Replacing the upper limit of the integral with b:

b
tan(x) dx = lim
b—%~
= lim [—1In(cos(b))] = o0

il
b—7

lim
b—%~J0

- ln(\cos(x)|)r

0

so the improper integral diverges.

. The issue for this integrand occurs not an end-

point but at the point x = %, so we need to
split the original integral into two pieces, each of

which has only one improper endpoint:

T z T
/0 tan(x) dx:/o tan(x) dx+/7r tan(x) dx
2

From Problem 21, we know the first of these two
new integrals diverges, so the original integral
must diverge as well.



25.

27.
29.
31.
33-
35-

37-

39-

41.

This integral is improper at both endpoints, so
we need to split it into two pieces. We can choose
any value we like at which to split the interval of
integration, but x = 0 works nicely:

/w;dx—/o de—k/dex
00 1+x2 N 7ool+x2 0 1+X2

The first of these new integrals converges (to 7):

li 071 d
Ngljoo/N 1+ x2 =

Similarly, the second integral converges (to 7):

lim [—

tan (N)] =
m arctan (N)]

N[

M
li ——dx=1li ==
Mg)noo,/o 1+ x2 ax Mlinoo [arctan (M)] 2
so the original integral converges to 5 + 5 = 7.

Converges (by the P-Test, with p =5 > 1).

Converges (by the P-Test, with p = g > 1).
Diverges (by the P-Test, with p = % <1).
Converges (by the P-Test, with p = % >1).

Using the comparison 0 < 2 5 < % and the fact
that f3 % dx converges (P-Test, with p =2 > 1),

the smaller integral f3°° x% dx converges.

When x > 5, x> +x > 23500 < 3+x < ;—3 By

the P-Test with p = 3 > 1, we know that [;” % dx
. e}

converges, so the smaller integral [,

1
g dx also
converges.

For x > ¢, In(x) < x, so x + In(x) < 2x and:

_tr 1., _7 71
x+1In(x) = 2x x+1In(x) = 2

By the P-Test with p = 1, we know that [, 1 dx
diverges, so 5 f * 1 dx diverges and the bigger

integral [ FFIn() dx must diverge as well.

x+ln
For x > 1, —1 < cos(x) < 1 so:
1 2
0<1+cos(x) <2 = ogwg—z
x x

We also know that f > dx converges (by the

P-Test with p = 2 > 1), hence 2 [ % dx con-

00 1+cos( )

verges, so the smaller integral [ dx con-

verges as well.

43.

45.

47.

49.

51.

53

A45

Forx >1,x°+1 < x° 4+ x° = 2x° so:

1 1 x4 ¥ 1

1
> ——.Z
x54+1 = 2x5 x

I SO
T A1 2
Because floo% dx diverges (by the P-Test with
p = 1), we know that ffo
bigger integral [,

1 dx diverges, so the

B dx dlverges as well. We

can write the origmal integral as:

1 4 o 44
——d / ——d
/0 B+l * S
Because the second of these integrals diverges,

the original integral diverges.

Using the disk method, the volume is:

0 1 2 M
/ - [} dx = lim 71/ x 2dx
1 X M—o0 1

1 M
= lim n[x] = lim 7'({+1]

so the volume is finite and is equal to 7.

Using the disk method, the volume is:

00 1 72 Mo
/ 7T - {2} dx = lim 7'[/ 721136
0 1+x M—sc0 0 (X2+1)

Using Appendix I to find an antiderivative:

7T X M
Moo E m + arctan(x)
7T
= 1.
M1£>noo 2

0

M| X
S

M
[MZ—i—l + arctan(M)} =

so the volume is finite and is equal to 7~

Using the tube method, the volume is:

o M
/ 27rx[ ! }dx— lim n/ zixdx
0 14 x2 o (

M—00 x2 + 1)
Using the substitution u = x? + 1, this becomes:

lim 7 [1n(x2+1)]2/I = lim 7 In(M? +1)] = o0

M—oo
so the volume is infinite.

The sum (which is a left-endpoint Riemann sum
for the integral) is larger.

The sum is larger.
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55. Aslong ass > 0:

0
= lim — [e‘SM - 1} -1
M—oo S S
57. Aslong ass > 0:
S M
G(s) :/ e st 1dt = lim [e‘“]
2 M—oc0 2

= lim —

11 _ _ e~
1 [e M _, 25}
M—o S

s

59. If b > 0, the integral /0 pr dx converges if g < 1
and diverges if g > 1. The proof mimics the proof
of the P-Test. Rewrite the integral as:

b q
lim — dx
a—0t Ja x4

then consider the cases g =1, < 1and g > 1.

Section 5.8

1. For window A, the total hydrostatic force is:

6 6
/ 20xdx =p {xz] =32p
2 2

For window B, the width w of a horizontal slice
at depth x (see below left) satisfies:

w_o_2 = w:l(x—Z)

x—2 4 2
so the total hydrostatic force is:

6 1 Cof1s L% 56p
/22px-2(x—2)dx—2[x —xL—

3

2_

x-2

X 1

2
3. For the triangular end, the width w of a horizon-
tal slice at depth x (see above right) satisfies:
w 4

4
5-x 5 Y5677

so the total hydrostatic force is:

5 4 4p[5, 147 50p
/Opx-5(5—x)dx—5[2x —3x}0—

For the rectangular end, the total force is:

5 5
/ ox -4dx =2p {xZ] = 50p
0 0

The length plays no role in the above computa-
tions, so doubling the length does not change the
value of either hydrostatic force.

5. A slice at height y above the bottom of the tank
has width 2, /y (see below) so the total force is:

4 4 1 3
/0 P(4—y)-2\/?dy:29/0 [4y2 —yﬂ dy
4

8 3 25
=20 gyz—gyz O: 5

xeoly

|
T

|

I

l

X

7. The one with the largest perimeter (not the left
one, probably the middle one).

9. (a) A “slice” of the cylinder at depth x of thick-
ness Ax has area 277 - 20 - Ax so the total force
against the bottom 2 feet of the cylinder is:

30 30
px - 407t dx = 207tp [xz] = 23207tp

(b) Only the limits of integration change:

35 35
px - 40w dx = 207tp {xz] = 27207tp
33 33
11. (a) m =20 gand v = 3-2m-15 = 90 cm/sec,
soKE = 1-20 (907)* = 8100072 ~ 799438 ergs
(b)y m=20g, v=3-2m-20 = 1207t cm/sec, so
KE = % -20 (1207‘[)2 = 1440007t> ~ 1421223 ergs



13.

15.

17. (a) Proceeding as in Example 5, an annular “slice”

The kinetic energy of a vertical slice of the bar
(see below) of width Ax cm located x cm from
the axis has kinetic energy 3 (3Ax) (2- 271x)? =
24772x% Ax so the object’s total kinetic energy is:
60

~17]
10

60
2477252 dx = 87223
J10

10 50 cm
cm I |

X

The density of the bar is 0.2 g/cm so the kinetic
energy of a vertical slice of the bar (see below)
of width Ax cm located x cm from the axis has
kinetic energy 1 (0.2 Ax) (27x)? = 0.47%x2 Ax s0
the kinetic energy of the right half of the object is:

50

50 0.4
/ 0432 dx = 2|~ 1644934 ergs
0

0

By symmetry, the total kinetic energy of the object
is 2 - 164493.4 = 328,986.8 ergs.

50 cm

| N

R —

X

4

of the first washer of thickness Ax and ra-
dius x has (approximate) mass 1 - 2mxAx -
1 g and velocity 6tx cm/sec so the ki-
netic energy of the slice is (approximately)
I (2mxéx) (67rx)* = 367°x3Ax and the total
kinetic energy of the washer is thus:

3 3
/ 3670°x% dx = 93 x*
1 1

= 72070 ergs

(b) Only the height (2 cm instead of 1 cm) and
the radii of the second washer differ from the
first washer, so the total kinetic energy of the

second washwer is:

4 4
/ 7270%x3 dx = 187%x*| = 31507° ergs
3

3

21.

23.

25.

27.
29.

A47

. The mass of a vertical slice of the place of thick-

ness Ax cm located x cm right of the axis is
3-10-Ax g and its velocity is 2 - 2mx = 47mx
cm/sec so its kinetic energy is % - 30Ax (471x)* =
2407t2x25x and the kinetic energy of the right half
of the plate is:

3 3

/ 2407r%x% dx = 807t2x3| = 21607 ergs

0 0

and the kinetic energy of the entire plate is
2-21607t% = 43207 ergs.

a votes for candidate A, b for A and ¢ for C.

B wins:
——
A B
(a) A wins:
1
I
I |
l 1
| L by
T T I
A ! B C
(b) C wins:
1
|
|
| [
T I ] 1
A ! C
(c) B wins:
1
|
| ! 1
T I I T
A ! B

(a) A (b) A (c) looks like C

On your own.



