A58 ANSWERS

Section 8.1

1. Setu = x2 +7 = du = 2xdx so that:

2
/6x(x2+7) dx:/3u2du:u3+C

3
- (x2+7) +C
3. Setu =1 -3 =du=2tdtsot=2=u=1,
t=4=u=13and:
4 6t 13 1 17113
—dt = -2 = 2
/2 md ) 3u"2du {6u2L
=6V13 - 6 ~ 15.63
5. Set u = x> + 3 = du = 2x dx so that:
12x 6 2
/m x:/;du:ln(|u|)+C:6ln(x +3)
7. Setu =3y +2 =du=3dy = %du = dy so that:
/sm(3y—|—2 dy = /fsm u)du
1 1
=-3 cos(u) +C = ~3 cos(3y+2)+C
9. Setu =¢*+3 = du = e*dx so thatx = -1 =
u=e¢ 143 x=0=4and:
0 4
/ ¥ sec?(e® +3)dx = / sec?(u) du
-1 Je=143
4
_ _ _ -1
= [tan(u)Li1+3 = tan(4) — tan (e —|—3)
or approximately 0.9276.
1
11. Setu =1In(x) = du = p dx so that:
In(x) , 1, 1 2
/ p dx—/udu— Tk +C= 2[ln(x)] +C
13. Set u = sin(0) = du = cos(0) d so that:
/cos(@)esm(e) do = /e“ du=e'+C=em0 4 C
15. Set u = 3x = du = 3dx = %du = dx so

x=1=u=3,x=3=9and:

’

5 9 1 ?

3 1+u?

5

5
W dx = u= g [arctan(u)]

3
= g [arctan (9) — arctan (3)] ~ 0.3518

17. Setu:%édu———dxsothatx—léu—l
x:2:>%and:

/12,32 COS( ) dx = _/1% cos(u) du = /; cos(u) du

= [sin(w)],

1 :Sll’l Sll’l(
2

19. Set u =5+ sin?(# ):>du—251n( ) cos(0) d6 so:

/

N =

) ~ 0.3620

6sin(0) cos(

du =31
5+sm / n= n(|u|)

=3In (5+sm (9)) +C
21. Set u = 2x +5 = du = 2dx so that:

/ du = 51n (|u]) +
=5In(|2x+5|)+C

+C 2x+5

Setu =5x2+3=du=10xdxsox=1=u =8,

23.
x=3=u=48 and:
3 20x 48 2 ®
————dx = =du= |21
152 +3% /8 u { “(|”|>L
= 21In (48) — 21n (8) = In(36) ~ 3.5835
25. Setu =x+3=>du=dxsox=0=u=23,
x=1=u=4and:
17 41 1 ¢
. —7 - —7|=
/o crarea™ /3 R {2 arcmn(”)]a
= g {arctan(Z) — arctan (;ﬂ ~~ 0.4352
27. Setu = ¢! = du = ¢' dt so:
et 1
/mdt:/mdu:arctan<u)
= arctan (¢') + C
1
29. Setu=14+In(x) =du=—-dxsox=1=u=

X
1, x=3=u=1+1In(3) and:
3

3 p 1+In(3) 3 p
/1x[1+1n(x)] x_/l u

1+In(3
_ 3[1n(u)] : ® 3 (1+1n(3)) ~ 2.2238



31.

33

35

37

39

41.

43.
45.
47.

2
' /(x—3)2+72 7

3 3 x+5
. /de— EarCtan <2) +C

Setu=1—x>=du=—2xdxsox=0=u=1,

x=1=u=0and:

1 0
/ Zx\/l—xzdx:—/ Vudu
0

—/ u? du =

2 31l 2
Zlu2 — =
314,

Set u = 1+ sin(6) = du = cos(8) d6 so:

[ cos(6) 1 +sin(@)]" do = [ 1 du = HORNe

1 .
=1 [1+sin(6)]* +C

Setuzln(x):du:%dxsoleéuzo,

x=e¢=u=1and:

Setu =5+ tan(@) = du = sec?(6) db so:

sec?(9)
5+ tan(0)

In (|sec(y —5)|) +C

do — /%du — In (|5 + tan(6)|) C

%[3511}; - % [°—1] ~ 29483

%m (‘sec (2+3t2) t tan (2+3t2)D e
0

Set u = 3x2 = du = 6xdx = %du = xdx so
x=1=u=3,x=00= u=o00and:

(e}
/11+9x4 6/ 1+u2
— : - 7d
Mli>noo6/1 1+M2 .

li ! v
- g, o]

1
= lim A {arctan(M) —arctan(3)}

M—oo

— % [g — arctan(B)} ~ 0.536

dx = 7arctan(x +2) + C

dx = garctan (H) +C

As9

55.

Ul

2x+ 4 7
— 4 /701
/x2+4x+5 o (x+22+12"
zln(x2+4x+5)+7arctan(x—|—2)+C

2(2x — 6) 19
R ol VR /701
57 /x2 6x+10°° T 32112

=2In (x —6x—|—10) +19arctan (x —3) + C
o |

3(2x —4) 17
—_— —
2 —4x+13 x+/(x—2)2+32 *
17 x—2
_ 2 _ - A
—31n(x 4x+13)+3arctan< 3 >+C

61. /(x—i2)2dx: +2+C

63 /(fj;)zd"_/
(\x—3|)—73+C

65. Rewrite /300(_13)25195 as:

lim
a—3*

M
/ (x —3)2dx + lim (x —3) 2 dx
M—oo J4

The first limit diverges, so the integral diverges.

Section 8.2

1. Setting u = In(x) leaves dv = 12x dx so we have
du=1 Tdx, v = 6x2 and therefore:

/6x fdx

/6xdx*6x In(x) —3x*+C

/12xln x)dx = 6x*In(x

= 6x2 In(x

3. Setting dv = x*dx leaves u = In(x) so du = 1 dx,

v = 2% and:
1 1 1
/x4 In(x)dx = gx5 In(x) — / 5 X0 dx
-1 X In(x /x dx = xln() i365—|—C
5 5 25

5. Setting dv = xdx leaves u = arctan(x) so du =

1
2/1+x2

1+x2 dx, v = 2x and:
1, 1
= 3% arctan(x) —5 {1 T 2] dx

1
/ xarctan(x) dx = EXZ arctan(x

1 1 1
= Exz arctan(x) — 5% + 5 arctan(x) + C
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7.

11.

13.

15.

Setting u = x leaves dv = ¢ 3 dx so du = dx,

v= —%6’3" and:
/xe‘3" dx = —%xe ( ) e 3 dx
:_%xe 3x_% 73x+C

Setting u = x leaves dv = sec(x) tan(x)dx so
du = dx, v = sec(x) and:

/xsec(x) tan(x) dx = xsec(x) — /sec(x) dx
= xsec(x) — In([sec(x) + tan(x)|) + C
or approximately —2.887.

Setting u = 7x leaves dv = cos(3x)dx so that
du = 7dx, v = }sin(3x) and:

7 7
/7x cos(3x) dx = 3 sin(3x) — 3 /sin(Sx) dx
7 . 7
=3x sin(3x) + ) cos(3x) +C
and the definite integral is then:
7 . 7 3 7 7n
[gx sin(x) + 5 cos(x)} s

3

Don’t use integration by parts on this one! Use
the substitution w = 3x? = dw = 6x dx:

17.

19.

/12x cos(3x%) dx = /Zcos(w) dw = 2sin(w) +C 5

= 2sin(3x%) + C

Setting u = In(2x + 5) leaves dv = dx so that

du*2x+5dx v = x and:

/ln(2x +5)dx =xIn(2x +5) — /

2x+5

:xln(2x+5)—/ {1—2113] dx

:xln(2x+5)—x+gln(2x+5)+c

and the definite integral is then:

3
[xln(2x+5)—x+gln(2x+5)}1

23.

= [3111(11) —3+ gln(ll)} - {111(7) 1+ imm]

_u 2 in(11) - Zin(7) ~2 ~ 438

25.

. Setting u = arctan(3

Setting u = (In(x))* leaves dv = dx so that
du = 2In(x) - 1 dx, v = x and:

/ (In(x))? dx = x (In(x))* — Z/In(x) dx
— x (In(x))* = 2[xIn(x) —x] + C
= x (In(x))? = 2xIn(x) +2x 4+ C

and the definite integral is then:

[x (In(x))* — 2xIn(x) + ZXK

=le—2e+2]—-[0—-0+2]=e—2~0.728
Setting u# = arcsin(x) leaves dv = dx so that
__1 _ )
du = mdx,v = x and:
x
arcsin(x) dx = xarcsin(x) — dx
[ aresin) AV

For this new integral use the substitution w =
1—x% = dw = —2xdx = —}dw = xdx so that:

/w 2dw——w2+K

—V1-x2+K

and the original integral is then:
/arcsin(x) dx = xarcsin(x) + V1 —x2+C

x) leaves dv = xdx so that
2

[ at=

du = 1+9x2 dx, v = % and:
/ xarctan(3x) dx 1x arctan(3x) — > o dx
2 2/ 1492
1, 3 17 1
= Ex arctan(3x) — E § |:1 — 1~|»9x2:| dx

= %xz arctan(3x) — % [x - ;arctan(Bx)} +C

1 1
2 arctan(3x) — Xt 1g arctan(3x) + C

- L
18

2

Don’t use integration by parts on this one! Use
the substitution w = In(x) = dw = % dx so that:

and the definite integral is: 1 (In(2))? ~ 0.240.

1 1
= /wdw = sz—kC =3 (In(x))*+C

On your own.



27.

29.

31

33

35-

37

39-

41.

Write sec” (x) = sec" 2(x) - sec?(x) and set u = sec"2(x), leaving dv = sec?(x) dx, so that:
du = (n—2)sec”3(x) - sec(x) tan(x) dx = (n — 2) sec" 2(x) tan(x) dx and v = tan(x)

Integration by parts then says:

/sec”d(x) dx = sec” 2 (x) tan(x) — (n — 2) /sec”fz(x) tan?(x) dx
Now use the identity tan?(x) = sec?(x) — 1 to write this new integral as:

/ sec"2(x) [secz(x) - 1} dx = /sec”(x)dx—/sec”_z(x) dx
and combining these results yields:
/sec”_z(x) dx = sec"?(x) tan(x) — (n — 2) {/ sec” (x) dx — /sec”_z(x) dx}

Moving the first of the two integrals on the right side to the left side:

(n—1) /sec”fz(x) dx = sec" 2 (x) tan(x) + (n — 2) /sec”fz(x) dx

and solving for the original integral yields:

/sec”fz(x)dx S 1 sec"2(x) tan(x) + Zij/secnfz(x) dx

/sin3(x) dx = % [— sin?(x) cos(x) + 2/sin(x) dx} = —% sin?(x) cos(x) — %cos(x) +C
/

sin®(x) dx = é [— sin*(x) cos(x) + 4 / sin®(x) dx} and using the result of Problem 29 yields:

1 4 8
.5 _ L4 a2 _
/ sin’(x) dx = z sin (x) cos(x) 15 Sin (x) cos(x) 15 cos(x)+C
4 302 o 3 2 Lo 3y 311 .
cos™(x) dx = ~ cos”(x) sin(x) + 1 /cos (x)dx = 708 (x)sin(x) + 113 cos(x)sin(x) + x| +C

sec(x) tan(x) + % /sec(x) dx = %sec(x) tan(x) + %ln (|sec(x) +tan(x)|) + C

—— —

&

@)

w

—~

R

SN—

W

R

I
N T ST

sec’(x) tan(x) + 2 / sec®(x) dx and using the result of Problem 33 yields:

5(x) dx = %secg’(x) tan(x) + %sec(x) tan(x) + gln (Jsec(x) + tan(x)]) + C

w»
o
(@)

/cos3(u) du = %cosz(u) sin(u) + % /cos(u) du == %cosz(u) sin(u) + % sin(u) + C so that:
s 171, , 2
/cos (2x+3)dx = 5 |5 cos (2x +3) sin(2x + 3) + 3 sin2x+3)| +C
1 1
=z cos?(2x + 3) sin(2x +3) + 3 sin(2x+3) +C

1 n _
Setu=x"and dv =e¢dxsodu=n-x""1ldx, v= %e‘”‘ and /x”e”x dx = —x"e™ — = /x” Loax gy
a a

A61
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43. Set u = (In(x))", leaving dv = xdx, so that s55.
du=n(In(x))""" Ldx, v = 11? and:

[ x(n(x)” dx = %xz (in(x))" = 5 [ x(in(x))" " dx

45. (a) Setu = x = du = dx and do = (2x +5)" dx
v=4 (2x +5)%

/x (2x +5)" dx

1 20
40 (2x +5)% 0 (2x +5)" dx
1 59
=10 (2x+5) “10 o (2x+5)*' 4+ C
(b) Set w = 2x +5 = dw = 2dx = }dw = dx
and note that x = %(w —5): 61.
' 19 1 191
/x(2x+5) dx = /i(w—S)-w -Edw
1
= / dw
2 63.
1 +K 65
4
1
= (2x+5) ~ 16 (2x+5)2 + K
These answers look different, but you can verify
that the derivative of each answer is x(2x +5)1°.  67.
47. Use the result of Problem 43 (twice) to get:
%xZ [(ln(x))2 —In(x) + ;] +C
69
49. Apply integration by parts twice to get a reap-
pearing integral and, eventually:
1 1.
3 {—e_l cos(1) — e Lsin(1) + 1} ~ 0.24584 7
51. Substitute y = In(x) = x = ¢¥ = dx = ¢/ dy to
turn the integral into / sin(y) - e dy and then ap-
ply integration by parts twice to get a reappearing 73
integral and, eventually:
1
7% [sin (In(x)) — cos (In(x))] + C
53. Substitute y = \/x = x = y?> = dx = 2y dy, then 75

apply integration by parts to get:

2 [V/xsin (v/x) 4+ cos (Vx)] +C

57-

. (@) Make an informed prediction.

Integration by parts (twice) results in a reappear-
ing integral and, eventually:

10 3% [3sin(x) — cos(x)] + C

+ C so:

M M
/ xe*xdx:[—(x—i-l)e*x} _ M+l
0

0 eM
(e}
and /
0

After integrating by parts (twice):

Integration by parts yields —(x 4 1)e™*

xe *dx = lim
M—c0

[ M+1]_

1

1 —x M
lim > [—e Fcos(x) —e Fsin(x)], = >

The substitution w = x + 1 results in:
2 2
/(w— 1)vVwdw = gw% — éw% +C

and then resubstitute w = x + 1.

Use the substitution w = x2 to get J sin(x?) + C.

. Use integration by parts twice, starting with

u = x? and dv = cos(x) dx to get:

x2sin(x) + 2x cos(x) — 2sin(x) + C

Use the substitution y = x2 + 1 so so that:

1 1 o 3 2 % 3 2 4

. Integration by parts on the right side yields

y = —xcos(x) + sin(x) + C and using the initial
condition tells us 0 = y(0) =04+ C = C =0.

Separate variables to get [e¥dy = [ xe™*dx so,
using integration by parts on the right side:

—(x+1)e
resultinginy =e+1— (x+1)e "

ey = +C=el=-14C

. (@) When 0 < x < 1, xsin(x) < sin(x), so you

should expect the second integral to be larger.
(b) Using integration by parts on the first integral
yields sin(1) — cos(1) ~ 0.3012, while the value
of the second integral is 1 — cos(1) ~ 0.4597.

(b) From
Problem 17, we know that the first volume is
m(e —2) = 2.257, while using integration by parts
on the second integral yields 27T ~ 6.283.



77. Using the tube method, the volume is given
by [, 27tx - sin(x) dx and, using integration by
parts with u = 2nx = du = 2mdx so that
dv = sin(x) dx = v = — cos(x), this yields:

[ — 27x cos(x)}: - /On [— cos(x)] - 2rdx
=21 421 /On cos(x) dx
=2 + 27T[sir1(x)};T =272
79. Using the tube method, the volume is given by:
/On 27tx - xsin(x) dx = 27 /On x? sin(x) dx
Using integration by parts twice yields:
[ — x? cos(x) + 27x sin(x) + 2cos(x)};r

which evaluates to 712 — 4 ~ 5.8670.

81. The area of the region is given by:

o0
/ xe Ydx = lim xe Y dx
0

M—oo JO
Using integration by parts yields:

‘w‘m+4

which equals 1, so the area is finite.

. — — M .
lim [—xe - x} = lim
M—oo 0

83. Using the disk method, the volume is given by:

o0 2 ) M > _p
/ 7 [xe™*]" dx = lim x%e ** dx
JO M—oo JQ

Using integration by parts (twice) yields:

1 1 1 M
lim {— R 7672"}
M—oo 2 4 0
. M? M 1 1
= lim |——— — ——— — —— + =
M>oo | 2e2M  2e2M 4eM 4

which equals 411' so the volume is finite.
85. Using the tube method, the volume is given by:
) M
/ 2ntx - xe Y dx = lim 27'[/ xPe * dx
0 M—ro0 0
Using integration by parts (twice) yields:

lim { —x2e ¥ —2xe ¥ — Ze_x}
M—o0 0
which becomes:

M?> 2M 2
Pw‘m‘wﬁ4:2

so the volume is finite.

lim
M—o0

Ab63

Section 8.3

1. Decompose the integrand as:

x+2 A B

x(x+1)  x  x+1
Multiplying by x(x + 1) yields:

7x+2=A(x+1)+Bx

If x = O this tells us that 2 = A; if x = —1,
—5 = —B = B =5, so the integral becomes:

2 5
[ 5+ 555 s =2t omiissap e

3. Factor the denominator and decompose as:

11x +25 A B

(x+1)(x+38) x+1+x—|—8
Multiplying by (x +1)(x + 8) yields:
11x+25=A(x+8) +B(x+1)

fx=-1,14=7A= A =2 if x = -8,
—63 = —-7B = B =9,so:

2 9 . 2 9

5. First use polynomial division, then factor the de-
nominator to rewrite the integral as:

/ {2—1—35(} dx =2x+5In(|x|) +C

7. Decompose the integrand as:

6x+9x-15 A B  C
x(x+5)(x—1) x  x+5 x—1

Multiplying by x(x +5)(x —1):
6x> +9x — 15
=A(x+5)(x—1) +Bx(x —1) + Cx(x +5)

Ifx=0 -15=-5A=A=23ifx = -5
then 90 = 30B = B = 3; and if x = 1,
0 = 6C = C = 0. So the integral becomes:

13 3
/ Lﬁm} dx = 31n (|x]) +31n (|x +5]) +C
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9. Factor the denominator and decompose:
822-x+3 A  Bx+C
x(x2+1) x o x2+41
Multiplying by the denominator x(x? + 1) yields:
8x2—x+3=[A+BJx*+Cx+ A
soA=3C=-1,A+B=8= B=5and:

/§+75x—1 dx

x  x2+1
AT S
)l 2 ¥2+1 2241
=3In(|x|) + gln (x2~|—1) —arctan(x) +C

11. Decompose the integrand as:
11x*+28x+6 A B C
TX2kxr2)  x 2Txi2
and multiply both sides by x?(x + 2) to get:
1122 +23x 4 6 = Ax(x +2) + B(x +2) + Cx?
=[A+C]x* + [2A + B]x + 2B

so2B=6=B=3,2A+B=23=2A=20=
A=10,A+C=11=C=1and:

/ E—l-i—i-L dx
x o x2 x+2
3
:10ln(|x|)—;+ln(|x+2\)+c

13. Decompose the integrand as:
3x+13 A B
(x+2)(x=5) x+2 x-5
and multiply by the denominator (x +2)(x —5):
3x+13=A(x—5)+ B(x+2)
Withx = -2,7= -7A= A= -1, withx =5,
28 = 7B = B = 4 so the integral becomes:

[l dx:ln(fll?f)”

15. The integrand decomposes as:

2 11
(x—1D(x+1) x—-1 x+1
so the integral becomes:
x—1\1°
x+1(/],

5 1 1
/2 [x—1 N x+1] dx = {m(
which evaluates to In (3) — In (%) =1In(2).

17. Use polynomial division to rewrite the integrand:
5x—1
24— | dx
/{ (x—l)(x—kl)}

2 3
_/[2+x1+x+1] dx

=2x+2In(jx —1]) +3In(|x+1|) +C

19. Use polynomial division to rewrite the integrand:

[+ wxvers) @

2 1
_/[3+x+1 _x+5} ax
=3x+2In(jx+1]) —In(jx+5])+C

21. Factor the denominator and decompose:
-1 A BxiC
x(x241) x  x2+41
and then multiply by the denominator x(x? + 1):
3¢ —1 = A(x*> +1) 4+ (Bx + CO)x
=[A+B]x*+Cx+ A

soA=-1,C=0and A+ B=3= B=4and:
-1 4x o 5
/ [x+x2+1} dx = —In(|]x])+2In (x ~|—1)—|—C

23. Use polynomial division to rewrite the integrand:

[+ w29

1
dx = §x2+6ln(\x—2|)+c

25. Factor the denominator and decompose:

12x24+19x—6 A B C
x+3

2(x+3) x te
then multiply by the denominator x?(x + 3):
12x% +19x — 6 = Ax(x +3) 4 B(x + 3) 4 Cx?

When x = 0, -6 = 3B = B = —2; when
x = —3,45 =9C = C = 5; and when x = 1,
25 =4A —2(4) +5(1)2 = 4A =28 = A =7 s0:

[12-24 5 ]u
x x2 x+3
2
:71n(|x\)—|—§+5ln(\x+3|)—|—C

= %+ln(|x\7~|x+3|5) +C



27. Factor the denominator and decompose:

7x*4+3x+7 _ A  Bx+C
2(x+3) x  x2+1

then multiply by the denominator x(x? + 1):
7x% +3x+7 =[A+B]x* +Cx + A
soA=7,C=3A+B=7=B=0and:

{7
[+
X
29. Using the result of Problem 15:
o0 o M
/ 2 dx = lim |In (|2 !
2 x2-1 M>e0 x+1(/],

lim. [m <m: ) _— (;)] ~In(3)

x23+1} dx = 7In(|x|) +3arctan(x) + C

= lim

31. Decompose the integrand as:

6x2+5x+61 A
(x—1)(x2+4x+13) x—1

Bx+C
x2+4x 413

and multiply by the common denominator to get:

6x% +5x+61 = A(x?> +4x+13) + (Bx +C)(x — 1)
= [A+B]x*> + [4A — B+ C]x + [13A — (]

soA+B=6and4A-B+C=5=5A+C=11
while 13A—-—C =61,5018A =72 = A =4 =
B =2 = C = —9 and the integral becomes:
4 2x -9
/[x—l +x2+4x+13]
2x +4 13

T4
_ _ d
/ [x—1+x2+4x+13 (x+2)2+32} *

=41In (|x — 1|) + In(x* + 4x + 13)

— 13—3 arctan <x—;—2) +C

" 1
33. (a) / m dx = arctan(x + 1) + C

1 -1
®) /(x+1)2dx: R

0 [t [ ] o

X
x+2‘>+c

35-

37

39-

41.

Abs

Using the decomposition from Problem 1:
flx) =2x"14+5(x+1)7!
fl(x) = —2x2-5(x+1)2
f(x) =4x 3 +10(x +1)7°
Using the decomposition from Problem 3:
g(x) =2(x+1) 1 +9(x+8)!
g'(x) = —2(x+1)72 —9(x +8)
¢ (x) =4(x+1)"3+18(x +8)73

Using results from Problem 5:

h(x) =2+3x"!
W(x)=—3x"2
W' (x) = 6x73

Using u = sin(6) = du = cos(6) d6:
1 1
/1—u2d“_/(1—u)(1+u) du
1 1 1
2/[1—u+1+u} du

1 1
= —Eln(|1—u|)+§1n(|1+u|)+c

:1n< ‘1+”>+c
1—u

Replacing u with sin(6) yields:

1+u _1+sin(f) 1+sin(d) _ (1+sin())?
1—u 1-—sin(0) 1+sin(6) 1 —sin?(0)
~ [14sin(8)]*
= {cos(@)] = [sec(6) + tan(6)]?

Combining results: In (|sec(f) + tan(6)|) + C.

43. (a) Here is the direction field for the ODE, along

with a graph of the solution to the IVP:
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(b)

(©
(d)

(e)

(8)

(h)
(i)

ANSWERS

dx _

To solve %¥ = x (1 — 3%;), first separate the

1
7xdx:/tdt
/x(l—loo)

Then decompose the integrand on the left:

variables:

1 1 1 1 1
x(1-15) *x 1-gp x  100—x

Integrating both sides of the integral equation:

X
A

Using the initial condition:

5
ln(‘95 > =t+C = C=-In(19)

Solving for x(t):

x 1y _ ot
00—% - 19¢ = 19x = (100 — x)e

finally results in:

x(t) = 100/ 100
et +19  1+19et
See graph for (a).
Using an intermediate equation from (b):

20 19
In (’100_20‘) =t—In(19) = t=1In <4>

or about 1.56. Similarly, x = 50 = t =
In(19) ~ 294 and x = 90 = t = In(171) =~
5.14; x = 100 is impossible.

x(t) — 100 (the carrying capacity)

The bacteria begin to grow exponentially, but
soon the growth rate slows and the number
of bacteria approaches the carrying capacity.
4 — x(1- %) is biggest when x = 50,
which by part (d) occurs when t = In(19).

x =150

The number of bacteria would decrease, ap-
proaching the carrying capacity.

45. (a)

(0
(d)
47. (a)

Following the same steps as in Problem 43

yields:
x(t) = M
Lot (M -1
x(t) = M
Whenx = — =t=1In (‘Mx—oxo )
x4

Separate variables and use partial fractions to
get the integral equation:

1

a—b

1
/[b”—k ]dx:/lt
a—x b—x

Integrate both sides to get:

of

Use x(0) =0 to get K=1In (g) so that:

b—x
a—x

> =(b—a)t+K

b_ix — Be(bfa)t
a—x a
and solve for x to get:
b [e(b’”)t - 1}
t —
x(t) bo(b-a)f _ 1

Separate variables to get:

=

and integrate to get:

dx =

1
——— —t+4C

The initial condition tells us % = C so:

1
xX—c

1
=t+- = x(t)=c+ T
c t+1
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Section 8.4 21. Using x = 3sin(0) = dx = 3cos(0) db:
/ dx _/ 3cos (0) "
1. x = 7sin(6) 3. x =9tan(0) xV9 — x2 3sin(6) - 3 cos(0)
1

== 9d9:—71 0) +cot(0)]) + C
5. x = \/7sec(6) 7. x = 10sin(0) 3 /Csc( ) 3 (Jese(9) + cot(9)])

_ 1 (13 9 —x? c
9. x =3sin(f) = dx = 3cos(f) d and: SR o +

1 _ 1 1 1 Remember to draw a triangle!

\/9— (3sin(6))? - \/9 (1 - sin(6))

0= arcsin(%)
11. x = 3sec(f) = dx = 3sec(f) tan(6) d6 and:
1 B 1 1 3

\/(3 sec(6))* —9  V/9(sec2(9) —1)  3tan(0) X
0
13. x = v/2tan(f) = dx = v/2sec?(6) d and:
1 1 1 32 _x2
= = —— cos(f
\/2 + (\/Etan(e))z V2sec(f) V2 ©) 23. Using x = 7tan(0) = dx = 7sec2(9) de:

1 7 sec?(
/ 49+x7 / 7 sec(6 d9 /sec(())d()
= In (|sec(0 ) +tan(0)|) + C
2
:1n<\/49+x +97c> L

15. (a) 0 = arcsin ()
(b) f(6) = cos(8) tan(0) becomes:

. X . X
cos (arcsm (§>> tan (arcsm ( 5)) 7
o VR x _x =1In (¥+ V49 +27) +K
3 9—x2 3 Remember to draw a triangle!
17. (a) 0 = arcsec (3)
Al 2
(b) f(0) = /14 sin?(#) becomes: 49+ x X
2 0 = arctan| =
.2 f _ x2-9 6 “(7)
\/1+sm (arcsec(3)>—\J1+ p ] - l

2 9 5 25. Using x = 65sin(f) = dx = 6 cos(0) db:

(c) \/1 + \/ - =
x2 /\/36—x2 dx:/\/36—36sin2 (6) - 6cos(6) d6
19. (a) 6 = arctan (5)
2 = 36/(:05 )de = 18/ [1+ cos(26)] d6
®) £(0) = 1< becomes: }
+cot(6) — 186 4 9sin(26) + C = 186 + 18sin() cos(6) + C
2 25
larctan (£) cos ()] _ B2 18 arcsm( ) 118 % V36 — a2
1+cot (arctan (£)) 1+ 2 6 6
25 = 18arcsm( ) += \/36—x2+C

C S —
) (25 +x2)(x +5) Remember to draw a tr1angle!
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27. This is very similar to Problem 23:

/36—|— 2aleln(x+ \/36+x2)

29. Using x = 7sin(0) = dx = 7cos(9) ae:

/’ x? / 49 sin? 7 cos(0
V49 — x? \/49 — 49 sin’(
= 49/sm2(0 = 49 [1 — cos(26)] 46
1
5 {6 -5 s1n(29)] +C
=490 + sin(0) cos(0)] + C
= Laresin (3) - 2.2 1
T MeM\7) T 7 Ty
49 5
?arcsm( )—f— V49 — x>+ C

Remember to draw a triangle!

31. This does not require a trig substitution! Use
u=25—x*=du=—2xdx = —jdu=dx

x
—  _dx=—V25—x2+C
/\/25—x2

33. This does not require a trig substitution! Use
u=x*+49 = du = 2xdx = %du = dx to get:

et
35. Using x = 3sec() = dx = 3sec(0) tan(0) 46
1 3sec(f) tan(0)
. dx= do
/(x2—9)2 / [ 9sec2(9)—9}3
3sec() tan(0) )tan(G 1 /

%m (x2+49) e

27tan 9
cos(6 . _1 1
sin2 9 sin(8)
—x
= — +C
9 VaZ—9 9\/ x2—9

Remember to draw a trlangle!

Vx —32
0 = arcsec )

37. This does not require a trig substitution! If x > 5:

/L 1arcsec( )-l—C
2xvx2 — 25 2 5

39. This does not require a trig substitution! Decom-
pose the integrand using partial fractions:

1 J—
G5-x)5+x) 5

S\H

10
5+x

and then integrate:
/L dx =~ [~In(j5—x|) +In(5+x]) +C
25—x2 "7 10
1 5+x
41. This resembles Problem 23 with a replacing 7:
' 1
- Va2 - x2

/ o dx ln(x+ as +x ) +C

43. Using x = atan(f) = dx = asecz(G) dae:

/‘ 1 / asec?
x2v/a? + x2 a2 tan®(0) - a sec(@)
_ 1 sec(0)
tan?(9)
1 [ cos(6) 1 -1
= = [ ) e 2 C
a2 ] sin?() a sin(0) +
1 Vai+a? —Va? 4 x?
a2 x a2

45. Setu = x +1 = du = dx so the integral becomes:

/\/uzlﬁduzln(‘uﬂ/uzw‘)juc

(using the same pattern as Problem 23) and then
replace u with x 41 to get:

ln(x+1+\/(x+l)2+9’> +C

47. Complete the square in the denominator:

X2 4+10x +29 = x2 +10x +25+4 = (x +5)* +22

to get an integrand that does not require trig
substitution:

1 1
/(x_'_l)z_i_zzdxzzarctan< _2._5>+C
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49. Complete the square in the denominator: x> +4x +3 = x? +4x +4 — 1 = (x +2)? — 12. Then substitute

x +2 =sec(f) = dx = sec(f) tan(6) d (or substitute u = x + 2 and then do the trig substitution) to get:
1 sec(0) tan(0)
—dx:/idez/seCQ d6 = In (|sec(8) + tan(0)|) + C
[ 7= () (6)d6 = In (jsec(8) + tan(9)])
=In(|x+2+ Va2 +4ax+3)) +C

51. (@) Using x = tan(0) = dx = sec?() d6:

/(1 dx — /Seczw) d6 = /cosz(G) d6 = / [1 —0—;cos(29)} d6 — %9+ %sin(Ze) +C

x2+1)2 [sec2(6)]? 2
1 1 1 1 x 1
= -0+ - sin(0) cos(f) + C = - arctan(x) + - - +C
30+ 3 5in(6) cos(0) + C = S arctan(x) 4 5 - e
= 1arctam(x) X _4c
2 2(x2+1)
(b) First write the denominator as 1 = 1 + x> — x2 so that:
(14 x2 / / / x
/ (1—|—x2 1+x2 T 5 dx = arctan(x) — [ x A1) dx
1
For the second integral, use u = x = du = dx and dv = ﬁ dx =>v= A that:
x 1 x 1 1 —X 1
/x.mdx_—i.m—i—i 1+x2dx—2(1+x2)+§arctan(x)+1<

Putting this all together yields the same result as part (a).
(c) Trig substitution requires less cleverness.
53. Substitute u = x% + 25 = du = 2x dx so that the integral does not require trig substitution:

4. 2x 4
_ =" dx=4 -—_ =
/(x2+25 / tC="ms e
Section 8.5
. /sin2(3x) Iy — % B sm1(26x) Lc— % B sm(3x)6cos(3x) Lc

3. With u = ¥ = du = e* dx the integral becomes sin(u) cos(u) du = %sinz(u) +C= %sin2 (e¥) + C. With
w = cos (¢*) = dw = —e* sin (¢*) dx, the integral becomes — /wdw = —%wz +K= —% cos? (e*) + K.

5. Substituting u = 3x = du = 3dx = %du = dx and using the result of Example 1 yields:
173 3

= [f(Bx) — 1sir1(6x) + 1 sin(le)} _or
318 4 32 0 8

7. First split off one factor of cos(5x) to write the integrand as cos?(5x) - -(5x) = [1 — sin?(5x)] cos(5x) and
then substitute u = sin(5x) = du = 5cos(5x) dx = & du = cos(5x) dx and note that x = 0 = u = 0 and
x = 11 = u = 0 so the integral becomes:

/xx:”CosZ(Sx) -cos(5x) dx = /

=0 x=0

o "0 {1 — uz} du =20

|1 sin(59)| cos(sx)dx =5 |
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9. Substitute u = sin(7x) = du = 7cos(7x) dx:

/s1n(7x)cos (7x)d 7 /udu = —u +C

ﬁ sin?(7x) + C

Substituting w = cos(7x) yields an equivalent
(but different-looking) result.

11. Substitute u = cos(7x) = du = —7sin(7x) dx:

/sin(7x) cos®(7x) dx = —;/Lp du
1, 1
= —oglt +C= ~ g €08 4(7x) +C

13. One option involves writing sin(3x) cos?(3x) as
sin?(3x) [1 - sin2(3x)} = sin?(3x) — sin*(3x)
and then using the formula for [ sin?(au)du and
the result of Example 1. Or you can write:

sin?(3x) cos?(3x) = [sin(3x) cos(3x)]?

1 21,
= {2 sin(2 - 3x)] = g sin (6x)
and then use the formula for [ sin®(au)du:

11 ., _1[x sin(2-6x)
4/s1n(6x)dx4{2 16 ]—i—C

x 1
=3 % sin(12x) + C
15. Split off one factor of sin(x), writing:

2

sin®(x) cos?(x) = sin(x) [sinz(x)} cos?(x)

2

= sin(x) [1 - cosz(x)} cos?(x)

then substitute u = cos(x) = du = — sin(x) dx:
2
/sin5(x) cos?(x) dx = —/ [1 - uz} u? du

:_/[1

:/ —u2+2u4—u6} du
1

uﬂ u? du

2 1
—_ 1,3 17
= 3 +5u i +C
1 2 1
=-3 cos®(x) + 5 cos®(x) — 5 cos’ (x) +C

17.

19.

21.

23.

25.

27.

29.

31.

First split sec*(4x) = sec?(4x) - sec?(4x) and
write this as [1 4 tan?(4x)] sec?(4x), then substi-
tute u = tan(4x) = du = 4sec?(4x)] dx so that:

i/[l—l—uz} du

1 1 1 1
Zu—f—ﬁ 3+C—ftan(4x)+ﬁtan (4x)+C

/ {1 + tan? (4x)} sec?(4x) dx =

Substitute u = 4x = du = 4dx = }du = dx and
apply the reduction formula repeatedly:

= %/tang’(u)du

1 tan* (4x) — %tanz(élx) + jIln (|sec(4x)]) +C

16
Substitute u = tan(5x) = du = 5sec?(5x) dx =
L+ du = sec?(5x) dx:

/udu —u +C= lt n%(5x) + C
5 - 10
Split sec?(5x) tan(5x) = sec?(5x) - sec(5x) tan(5x)
sec(5x) = du = 5sec(5x)tan(5x) dx
yields the integral:

SO U =

1 2, 1 4 1
g/u du—lsu +C= 15 sec 3(5x) + C

This is quite similar to Problem 23:

1
/sec4(9) tan(0) df = 1 sect() + C
Write the integrand as sec?(6) [1 + tan?(6)] tan*(6)
and use u = tan(#) = du = sec?(8) df so that:
1 1
2l 4 15 17
/{1+u}u du—5u +7u +C
= 1’far15(9) + ! tan’(0) + C
5 7
The integrand is just tan?(6) = sec?() — 1 so the
integral evaluates to tan(6) — 0 + C.

The integrand simplifies to sin*(6), so use the
result of Example 1.



33-

35.

37

39

41.

43.

45.
47.

Use a product-to-sum identity to write:
1
sin(x) cos(3x) = 3 [sin(4x) + sin(2x)]

1 1
and integrate to get: — 3 cos(8x) — 1 cos(4x)+C
Use a product-to-sum identity to write:

sin(x) sin(3x) = % [cos(2x) — cos(4x)]

1 1
and integrate to get: 1 sin(2x) — 3 sin(4x) + C

If n is odd, we can write n = 2k + 1 where k is
some other integer. Then write:
sin?*1(x) = sin?(x) - sin(x)
.2 k.
= [sm (x)] sin(x)

= [1 - cosz(x)]k sin(x)

and use u = cos(x) = du = —sin(x)dx. This
substitution changes the limits of integration from
x =0tou = cos(0) =1 and from x = 277 to
u = cos(2m) = 1. The integral thus becomes:

/11 (1] du=o0

Use a product-to-sum formula to rewrite the inte-
grand sin(mx) - sin(nx) as:

% [sin ((m + n)x) + sin ((m — n)x)]

If k = m+n or k =m — n (neither of which is 0:

27 1 27
/0 sin(kx) dx = {— z cos(kx)}O =0
so the original integral must equal 0 as well.
The integrand is just sin?(mx), so:

27T : 27
/ sin?(ma) dx = | % — SEmOIT
0 2 4m 0

Integrating the product of sin(2x) and any term
of P(x) other than —4sin(2x) yields 0, so a5 is:

1o . g 4
E/o sin(2x) - [—4sin(2x)] dx = = —4

a4 = 0 because P(x) has no sin(4x) term.

On your own.

Ay1

Section 8.6

In place of full solutions, the “answers” for this sec-
tion suggest an integration method, or a first step.

1. Substitute u = 1 — x.

2 _ 52,

3. Substitute u = a
5. Substitute u = a + bx.

7. Substitute u = x2, or factor the denomiator:
1-—xt=(1-2)1+x*) =1-x)(1+x)(1+x?)

and then use partial fractions.
9. Divide first.
11. Substitute u = a3 — x3.
13. Expand by squaring.
15. Substitute u = 1 + x3.

17. Substitute u = ¢* + x7*. (Or note that the inte-
grand is equivalent to tanh(x).)

19. Start with long division.

21. Start with long division.

23. Substitute u = a + bcos(26).
25. Substitute u = cos(6).

27. Complete the square.

29. Start with long division.

31. Substitute u = 1 — ¢*.

33. Substitute x = 1.

35. Substitute u = 1 + x2.

37. Start with integration by parts.

2 2

39. Substitute u = a° — x°.

41. Substitute u = sin(6).

43. Use integration by parts with u = x.
45. Substitute x = u?.

47. Substitute u = 14 2x.
49. Substitute y = e*.

51. Use integration by parts with u = x2.
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53-
55-
57
59-
61.
63.
65.
67.
69.
71.
73
75-
77-

79-
81.

83.
85.
87.
89.

91.
93.
95.
97
99

101.
103.
105.
107.
109.
111.
113.

115.

Substitute u =1 — x.

Start with long division.
Substitute u = 1 4 cos (g)
Substitute u =14 e~ *.
Substitute u =1 — x.
Substitute u = sin(6).
Substitute u = x3.
Substitute u = 3.

Start with long division.
Substitute u = x2.

Use integration by parts with u = 6.
Substitute x = #2.

Start with long division.

Expand by squaring.

Complete the square.

Substitute u = 1 — 3e*.

Use integration by parts with u = [In(x)]*.
Substitute t = —x3.

Factor the denominator:

Px+1)—4(x+1) = (x

and use partial fractions.
Start with long division.
Substitute x = e'.

Use partial fractions.
Use partial fractions.

Use partial fractions (graph the polynomial in the
denominator to assist with factoring).

Start with long division.

Use partial fractions.

Complete the square.

Substitute u = 1 + x2.

Write cot(f) = and simplify.

1
tan(6)
Expand the denominator and use long division.
Substitute x = ¢! — 1.

Substitute u = x2.

117. Complete the square.

119. Complete the square.

121. Use a trigonometric identity.

123. Use a trigonometric identity.

125. Integration by parts.

127. Integration by parts (twice).
cosh(x)

Write coth(x) = Sinh(x)’

129.

131. Integration by parts.
133. Integration by parts.
Section 8.7
1. P(x) =543« 3. P(x) =4—x
5. P(x) =4 7. P(0)=A, P'(0)=B
9. P(x) = —2+7x+3x2
11. P(x) =8+ 5x + 5x2
13. P(x) = —3 —2x +2x2
15. P(x) =5+3x +2x%2 + 13
17. P(x) =4 —x —x? —2x3
19. P(x) =4 —2x% 4+ 6x°
21. P(0) = A, P’(0) =B, P"(0) =2C, P"'(0) = 6D
23. To five decimal places:
x fx)  Plx)  [f(x) = P
0.0  0.00000  0.00000 0.00000
0.1 0.09983 0.09983 0.00000
0.2 0.19867 0.19867 0.00000
0.3 0.29552 0.29552 0.00000
1.0 0.84147 0.84167 0.00020
2.0 0.90930 0.93333 0.02404
25. To five decimal places:
x o f) P(x) 1f(x) = P(x)]
0.0  1.00000  1.00000 0.00000
0.1  0.99500  0.99500 0.00000
0.2 0.98007 0.98007 0.00000
0.3 0.95534 0.95534 0.00000
1.0 0.54030 0.54167 0.00136
2.0 -0.41615 -0.33333 0.08281




27. To five decimal places:

x  f(x) P |f(x) = P(x)]
0.0 1.00000 1.00000 0.00000
0.1 1.10517 1.10517 0.00000
0.2 1.22140 1.22133 0.00007
0.3 1.34986 1.34950 0.00036
1.0 271828 2.66667 0.05162
2.0 7.38906 6.33333 1.05572

29. Starting with:

1 1 1
e ~ —i—u—i-fu —i-?u

and substituting u = 2x yields:
™ 1+2x—|—2x2+§x3
3. f(x) = 1-0)7" = fi(x) = 1-x)72 =

f'(x) =2(1-x)"2 = f"(x) = 6(1 —x)"* s0
f(0)=1, f(0) =1, f'(0) =2and f"(0) = 6

P(x )—1+x+2x +36!x3:1+x+x2+x3
33. f(x) = n(1+x) = f(x) = (1—|—x*1 -
f”(x) —(1+x)72 :>f”’( x) =2(1+x)3%=
fB(x) = —6(1+x)7* sof() 0, £(0) =1,
f(0) = =1, f”(0) = 2 and f*(0) = —6:
()—O+x+7}x +%X+464
:x—%x —i—%x?’—ix‘l

35. Starting with:
cos(u) ~
and substituting u = x? yields:

a8 o«

2)%1_14 1 s 1 1o
2 24 720

cos(x

A73

37. Starting with:

1 1
— P+ —u®— S

sin(u) ~ u — 3 5] =i

and substituting u = x? yields:

1 1 1
n(x2) A x2 — —x6 4 = 410 _ 14
sin(x?) =~ x 6x + 120 —50403(

so multiplying both sides by x3 results in:

1 1 1
23 sin(2?) ~ x° — 8x9 + 55" f18 _ 5040x17
39. Starting with:
~ 3,15 7
sin(u) =~ u — i + T
and substituting u = x> yields:
1 1 1
() A — oL 5L 2
sin() ~ =g 0% S04

so integrating both sides from 0 to 1 results in:

1 1 1 1 1
/0 sin(x®) dx ~ [4x4 a0 04 — 416

1920" ~ 110880"
1 1 1 1
1 60 " 1920 11080 ~ 02338

41. Starting with:

e’ ~1+u+lu + o 1
2! 3

and substituting u = —x> yields:

1 1
- %1—x3+§x6—6x9

so integrating both sides from 0 to % results in:

4 147 60" |,
1 1 1

1
2 61 T 1792 gragp 04



