8
Integration Techniques

In our journey through integral calculus, we have: developed the con-
cept of a Riemann sum that converges to a definite integral; learned
how to use the Fundamental Theorem of Calculus to evaluate a definite
integral —as long as we can find an antiderivative for the integrand;
examined numerical methods to approximate values of definite inte-
grals; applied the concept of a Riemann sum to a variety of geometric
and physical situations to compute lengths, areas, volumes, work and
more; and employed integration to solve differential equations.

Finding an approximate value for a definite integral is often “good
enough,” but exact values are sometimes necessary —and this requires
us to find antiderivatives of integrand functions. We have already
learned how to find antiderivatives of many basic functions, and repeat-
edly employed substitution to turn complicated integrands into ones
that are easier to integrate. This chapter begins with a review of these
integration techniques you already know, then develops several new
techniques that will allow you to integrate even more functions. It con-
cludes by presenting a way to find “approximate antiderivatives” that
will allow you to compute approximate numerical values for certain
definite integrals much more efficiently than the techniques introduced
in Section 4.9.

8.1 Finding Antiderivatives: A Review

Success at integration is primarily a matter of recognizing standard
patterns and being able to manipulate functions into a form that corre-
sponds to one of these patterns. Integral tables—such as the brief one
on the next page and the longer one in Appendix I—list antideriva-
tives for many basic patterns of functions. Often a change of variable
(employing the u-substitution method introduced in Section 4.6) will
allow you to see a pattern more easily. For most people, developing the
skill of recognizing these patterns comes with practice, and this section
provides a variety of problems to review and hone your skills.
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This is an extended version of the table
listed in Section 4.6.

These two patterns may be new to you.
See the discussion below.

Constant Functions: / kdu =ku+C

P fu [wran=""""yCitp£ 1, [Lau=tnful+C

owers o u../u u—P+1+ if p#— ,/; u=Inlul+
u

Exponential Functions: /e” duze”—i—C,/a” du:hfw—i-c

Trig Functions: /cos(u du = sin(u) + C, /sin(u) du = —cos(u) +C
|

tan(u) du = In (|sec(u)|) + C, / cot(u) du = In (|sin(u)|) + C
sec(u)du = In(|sec(u) + tan(u)|) + C

)

/ )
[ sec )+t
[ esclu)du = —In (Jesc(u) + cot(w)]) + C
[ sec(u)du = tan(u) + C, [ escX(u)du = ~cot(u) + C

[ sec(u) - tan(u) du = sec(u) +C, [ csc(u) - cot(u) du = ~ csc(u) + C
1_:7 du = arctan(u) + C

1 1
du = arcsin(u +C,/7du:arcsec u)+C
/\/1—u2 () |u] - vuz —1 ()

The most generally useful and powerful integration technique re-

Inverse-Trig—Related Functions: /

mains Changing the Variable. The first Problems in this section provide
additional practice changing variables to calculate integrals. As we
develop more complicated and more specialized techniques for finding
antiderivatives, your first thought should still be whether the integral
can be simplified by changing the variable. Sometimes the appropriate
change of variable is not obvious, and we may need to manipulate the
integrand using algebra, trigonometric identities or some clever “tricks”
before employing a u-substitution.

Antiderivatives of sec(0) and csc(0)

In the list of basic antiderivatives at the top of this page, you may have
noticed two unfamiliar patterns: those for / sec(0) d6 and / csc(0) db.

Antiderivatves for cos(f) and sin(f) essentially came “free” from the
derivative patterns we discovered in Chapter 2. Antiderivatives for
tan(f) and cot(f) were among the first applications of u-substitution:

for example, we can write tan(f) = ::::EZ; and put u = cos(6) so that
du = —sin(6) df and the integral in question becomes:
_ [sin(0) -1,
/tan(e)de - / con(d] 0 = / " du = ~In(Juf) + C

= —In(|cos(0)|) + C = In(|sec(#)|) + C

Finding an antiderivative of sec(f), however, requires a special “trick.”



Before attempting a substitution, write:

sec(0) = sec(f) (sec(f) + tan(0)) _ sec?(0) + sec(8) tan(6)
1 (sec(f) +tan(0)) sec(f) + tan(6)

Why would we want to take the nice, simple function sec(f) and rewrite
it as this monstrosity? Look at the denominator and notice that the
derivative of sec(f) is sec(f) - tan(6), while the derivative of tan(6) is
sec?(6). Both of these derivatives appear in the numerator. So if we use
the substitution:

u =sec(f) +tan(f) = du= {sec(@) tan(0) + secz(G)} dae

the integral of sec(f) becomes:

[ sec?(6) + sec(b) tan(0)
/Sec(e) 40 = / sec(f) + tan(6) 49

= /%du =1In(|u|) + C = In(|sec() + tan(6)|) + C
proving the result listed on the previous page.
Practice 1. Prove that /csc(é)) a0 = —In (|csc(6) + cot(8)]) + C.

The trick used to integrate sec(f) and csc(f) only applies in these
special situations, so rather than remembering the trick, you might
want to simply memorize the result if you find yourself needing to
integrate sec(f) on a regular basis.

An Irreducible Quadratic Denominator

The following examples review and extend techniques (introduced in
Section 7.5) involving variations on the arctangent derivative pattern.

1 1
Example 1. Evaluate/l_i_(xs_?))zdx and/ﬁi_i_l()dx.

Solution. The form of the first integrand reminds us of the derivative
of the arctangent function:

_ 1
C1+4+u?

If we make the substitution u = x — 3 = du = dx the integral becomes:

18 1
/m dx - 18/ mdﬂ = 18arctan(u> + C

Replacing 1 with x — 3, we get 18 arctan(x — 3) + C. The second inte-
grand appears much more complicated, until you notice that:

D (arctan(u))

T+ (x=3)2=1+x>-6x+9=2x*—6x+10

These integrands are in fact equal, so the second integral also equals
18 arctan(x — 3) 4 C. <
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This is an example of “multiplying by 1,”
a tactic often employed in mathematics
where we multiply the top and bottom of
a fraction by the same expression.

See Problems 41-42 in Section 8.3 (and
the related discussion on page 575) for
a more intuitive — albeit more tedious —
method to obtain antiderivatives for
sec(6) and csc(6).
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Recall from algebra that to complete the
square with a polynomial, you need to
take half of the x coefficient:
-6
2

and then square it:

- b\> P
(=3)"=9 or <ﬂ> =2
to get the number that must be added
and subtracted to create a perfect square
(plus a leftover constant term). A
quadratic polynomial is irreducible if it
can’t be factored into two linear terms
using real coefficients; for ax? +bx +c¢
this occurs when b* — 4ac < 0.

N —
Q|

=-3 or

This is an example of “adding 0,” an-
other tactic often employed in mathemat-
ics in which we add and subtract the
same quantity from an expression.

Why can we omit the absolute values in
the last step?

In the preceding Example, we showed that the two integrands were
equal by expanding the denominator of the first integrand to get the
denominator of the second integrand. If we had started with the second
integral in Example 1, we could have rewritten the second denominator
employing the method of completing the square:

2 —6x+10 = (2 =6x+9) +(10-9) = (x—3)* +1

so that we would make the substitution # = x — 3. For any irreducible
quadratic polynomial of the form ax? + bx + ¢, we can write:

2 2 b b 2
ax“+bx+c=a|x +; +c=a|x? + +— | 4+c—a

42
b\?2 b2
:“<x2a> *{0401]

Rather than memorizing this formula, you should remember the process

b2
402

of completing the square.

Practice 2. Evaluate / dx by completing the square and

making a substitution.

5
x2 4+ 8x + 25

x4
x2 —6x+10

Solution. This would be an easy problem if the numerator were 2x — 6:

Example 2. Evaluate /

the numerator would then be the derivative of the denominator and the
pattern of the integral would be [ % du with u = x> — 6x + 10. Using a
bit of cleverness, we can rewrite the numerator as 2x — 6 + 6. Then the
integral becomes:

2% —6+6 2% —6 6
XTOHO o [T %
/x2—6x+1o X /x2—6x+10 x+/x2—6x+10 x

For the first integral, substitute u = x> — 6x + 10 = du = (2x — 6) dx:

/ 2x — 6 dx
x2 —6x+10

For the second integral, complete the square in the denominator:

- /%duzln(|u|)+c1 =In (¥~ 6x+10) +C;

X2 —6x+10=x>—-6x+9+1=(x—3)>+1
and use the substitution w = x — 3 = dw = dx to get:
6 6
2 dx=
/x2—6x+10 * /( —3)2+ 6/ i1
= 6arctan(w) + C, = 6arctan(x — 3) + C;

so that the final answer is In (x2 — 6x + 10) + 6arctan(x —3) + C. <
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This “logarithm plus an arctangent” pattern that arose in the pre-
vious Example turns up quite often with integrals of linear functions
divided by irreducible quadratic polynomials. If the quadratic de-
nominator can be factored into a product of two linear factors, we
will instead use a technique discussed in Section 8.3 (Partial Fraction
Decomposition).

4x 421

Practice 3. Eval tfi .
ractice 3. Evaluate 21 8x 125 x

8.1 Problems

In Problems 1-54, evaluate the integral. A well-chosen substitution will often turn a complicated-looking
integral into a much simpler one.

2 - 3 4 gt
1. /6x x> +7) dx 2. /6x x> —1) dx . / - dt
( ) ( ) > h Ve 3
T . 12x cos ()
[ 12cos(0) [2+sin(0)F do s, / B _coslp)
4 /o cos(0) [2 + sin(0)] 5 243 6. 3+ sin(g) d
. x 0
7. /Sll’l(gy + 2) dy 8. /COS (g) dx 9. / ex . SEC2 (ex + 3) dx
-1
7 1
10. /2 cos(6)4/1+ sin(0) 46 11. / In(x) dx 12. M dx
0 X \/}
‘ 3
13. [ cos() - &™) 4o 14. /ez sin(e*) dz / _5
3 / (6) 4 (¢%) 15. L Tro2 dx
1 2 e
16. / % dx 17. / iz - COS (1> dx 18. / M dx
0 1+ (x+5) 10X x 1 x
6sin(0) cos(0) 6 cos(w) / 10
19. | ———2——~>db . ——t—da 21. dx
] T54sin(6) > ] 55 sin’(a) 2x+5
22 / 3 ) 2 020w x 2 /5 A dx
S 8y +1 Y 3> L 5243 2109

A 6. [ ! d ¢ 4
. —_—— . ——dx .| 5 dt
» /o (x+3)2+4 g 2 /_2.3 1—(x+2)? 7 /1+e2t

28 /de M P

© ) X519 29 /1 *[1+1In(x)] 30 /0 Trea"

1 /1 2xV/1 — x2dx 2 /3 2x dx 33 /COS(Q) [1 4 sin(6)]° 6
g * o Va2 :
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: () 2
34. /cos(q)) sin*(¢) dg 35. /E In(x) dx 36. / e*V2+e¥dx
1 x 1
sec?(9) / 6x /
L =/ 8. | —5—=dx 39. [ tan(y —5)dy
37 | 5% tan(6) 40 ? (x2—1)3 :
2 1
40. / (x3 + 3) dx 41. / e du 42. /Sec(z +3t) dt
0
1 e
1 e
0 1 (e8] X () efx
) S : —d S
46 /1 1o ™ 47 /1 1o ™ 48. /1 L

In 49-54, complete the square in the denominator, make an appropriate substitution, then integrate.

[ N N R T
Y| ¥ ¥a+s | 2 tax 129 ] ¥ 6x 158
[ [l [
2 | 2110 2 | ¥+ 10x +29 A o T

In 55-60, first split the integral into two integrals. (Hint: In Problem 55, 2x +11 = (2x +4) 4+ 7.)

/ 2x 411 6 / 4x + 11 i / 4x 47

5 | 25 ™ ] 2t ax 15 57 | @ —ex+ 10"

8 / 6x + 28 i / 6x+5 Jx 6o / 4x 49 N
% | ¥ 10x+ 34 | 2 ax 13 “) X fex+13

In 61-66, remember that completing the square only helps with irreducible quadratic denominators.

1 x+2 x+3
61. [ ——— 4 62. /711 63. /7d
! /x2+4x+4 x > ) 2 rara™ ) 2 exr9™

o 1 oo 1 8x —24
64'[1 x2—6x+9dx 65'/3 x2—6x+9dx 66. / 6x+9d



INTEGRATION TECHNIQUES 563

8.1 Practice Answers

1. First use the “multiply by 1” trick to write:

0) — csc(f) csc(f) 4 cot(6) csc?(0) + csc(8) cot(0)
csc(6) = 1 csc(0) +cot(8) csc(6) + cot(H)

and then make the substitution u = csc(6) + cot(6) so that du =
(— csc(8) cot(6) — csc?(6)) do and:

[ esc?(0) +esc(f)cot(6) [ —1
/CSC(Q) 40 = / csc(8) + cot(6) 40 = /7 du

=—In(|Ju]) + C = —In(|csc(0) + cot(0)|) + C

2. First complete the square in the denominator:
2 _ (42 C1ey 2
x +8x+25_(x +8x+16)+(25 16) = (x+4)2+9

so the integral becomes:

R - R—
x2+8x+25 ) (x+4)24+9

Now make the substitution u = x +4 = du = dx to get:

1 1 u 5 x+4
S/MduS'Sarctan<3>+C3arctan<3>+c

3. If we substitute u = x% + 8x + 25 then du = (2x + 8) dx. We would
be in good shape if the numerator of the integrand were 4x + 16 =
2(2x + 8), so split the numerator into 4x + 21 = (4x + 16) + 5 to get:

/ 4x +21 p /(4x+16)+5d _/ 4x + 16

5
_ =[xt /701
2isxt25 " 2ierr5 T ) Preran ) wisirn ™

The first integral (with u = x? 4 8x + 25) now becomes:

4x+16 2, _ )
/mdx—/;du—ﬂn(lulqu—Zln(x +8x+25>+C1

The second integral is just the integral from Practice 2:

5 5 4
/x2+8x+25 dx = 3."’““&‘“()(;r >+C2

Combining these results yields:

/‘ 4x +21
. 3 3

2 5 x+4
_ 2
m dx —ln (X +8x+25) +*arCtan () +C
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8.2 Integration by Parts

Integration by parts is an integration method that enables us to find
antiderivatives of certain functions for which our previous antidifferen-
tiation methods fail, such as In(x) and arctan(x), as well as antideriva-
tives of certain products of functions, such as x*In(x) and e* sin(x).
It leads to many of the general integral formulas in Appendix I and
(next to u-substitution) it is one most powerful and frequently used of
antidifferentiation techniques.

The Integration by Parts formula for integrals arises from the Product
Rule for derivatives. Recall that for functions u = u(x) and v = v(x),
the Product Rule says:

If we integrate both sides of this equation with respect to x we get:

v—/ dx+/v —dx

Solving for the first of the two integrals on the right side, yields:

/u d—dx—u v—/v —dx
dx

At first, this formula may not appear very promising, as it merely
exchanges one integration problem for another. But in certain situations,
if we choose u(x) and v(x) carefully, this formula exchanges a difficult
integral for an easier one. We can restate the formula in slightly more
compact form using differentials.

Integration by Parts Formula

If u, v, u' and v’ are continuous functions,

then /udv:u~v—/vdu

For definite integrals, the Integration By Parts Formula says:

Integration by Parts Formula (Definite Integrals)

If u, v, u' and v’ are continuous functions,

b b b
then / udo = {u'v] —/ vdu
a a

a

Example 1. Use integration by parts to evaluate / xcos(x) dx and

s
/ x cos(x) dx (see margin for a graphical interpretation).
0
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Solution. Our first step is to write this integral in the form required by
the Integration by Parts formula, [ u dv. If we let u = x, then we must
have dv = cos(x) dx so that u dv completely represents the integrand
x cos(x). We also need to calculate du and v:

u=x = du=dx and dv = cos(x)dx = v =sin(x)

Putting these pieces into the Integration by Parts formula, we have:

/x . cos(x) dx = x- sin(x) — / sin(x) dx = x- sin(x) + COS(X) +C To check this result, differentiate the an-
swer to verify that:
Now use this result to evaluate the definite integral: [xsin(x) + cos(x)] = x cos(x)
T s
/ x - cos(x)dx = [x -sin(x) + cos(x)]
0 0

= [msin(7r) 4 cos(7t)] — [0 - sin(0) + cos(0)] = -1 —1

or —2, which appears reasonable based on the area interpretation of
this integral in the margin graph on the previous page. <

Integration by parts allowed us to exchange the problem of evaluat-

ing [ xcos(x) dx for the much easier problem of evaluating / sin(x) dx.

Practice 1. Use the Integration by Parts formula on / x cos(x) dx with

u = cos(x) and dv = x dx. Why does this lead to a poor exchange?

1
Example 2. Evaluate / xe¥* dx and / xe dx.
0

Solution. The integrand is a product of two functions, so it is rea-

sonable to use integration by parts to search for an antiderivative. If

u=x = du=dx, thendv = ¢*dx = v = 13 Inserting these

expressions into the Integration by Parts formula, we get:
1 1 x 1
3xd 3% 73xd A 3x - 3x
/xe x=x-ze /36 x=ze 5¢ +C

1 3y X 3¢ 13y 1 15 134 1 245 1 In practice, when you need to use inte-

= [ xePdx=|ze — e =z —=e’| - |0—=| ="+ = ; i
0 3 9 3 9 9 9 9 gration by parts to evaluate a definite
0 integral, it is often safest to first evalu-
ate the corresponding indefinite integral
and then use that antiderivative pattern
to evaluate the definite integral, as we

have done here.

or about 4.57. <

In the previous Example another valid choice would have been
u = 3 and dv = xdx, but that choice results in an integral that is

2

more difficult than the original one: du = 3¢3* dx and v = }x2, so the

Integration by Parts formula yields:
/xe3" dx = e - %xz — / %xz -3¢ dx

which exchanges [ xe3* dx for the more difficult integral | 3x2e3* dx.
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If you cannot find a v for your original
choice of dv, try a different 1 and dv.

Why are absolute value signs not needed
in the last term?

We can now include the antiderivative of
arctan(x) in our list of antiderivatives in
Appendix L.

Practice 2. Evaluate / xsin(x) dx and / xe™ dx.

Once you have chosen u and dv to represent the integrand as u dv,
you need to calculate du and v. The du calculation is usually easy, but
finding v from dv can be difficult for some choices of dv. In practice,
you need to select u so that the remaining dv is simple enough that you
can find v, the antiderivative of dv.

Example 3. Evaluate /Zx In(x) dx.

Solution. The choice # = 2x seems fine until we get a little further into
the process. If u = 2x, then dv = In(x) dx. We now need to find du
and v. Computing du = 2dx is simple, but then we face the difficult
problem of finding an antiderivative v for our choice dv = In(x) dx.

The choice u = In(x) results in easier calculations. Let u = In(x).
Then dv = 2xdx, so du = %dx and v = x%. Then the Integration by
Parts formula gives:

/len(x)dx:ln(x) -xz—/x2~1dx:x21n(x) —/xdx

X

so the final result is x* In(x) — %xz +C. <

Antiderivatives of Inverse Functions

So far we have applied the Integration by Parts method to products
of simple functions, but it also enables us — perhaps surprisingly —to
find antiderivatives of the inverse trigonometric functions and of the
logarithm (the inverse exponential function).

Example 4. Evaluate / arctan(x) dx.

Solution. Let u = arctan(x). Then dv = dx, so du = 1_:7 dx and

v = x. Putting these expressions into the Integration by Parts formula:

1

.1+x2dx

/arctan(x) dx = xarctan(x) — /x

We can evaluate the new integral using the substitution w = 1 + x> =
dw = 2xdx = }dw = xdx:
‘ 1 11,1 1 >

Combining these results:
1 2
/arctan(x) dx = xarctan(x) — 5 In (1 +x ) +C

or x arctan(x) — In (\/ 1+ xz) +C. <



e
Practice 3. Evaluate /ln(x) dx and/ In(x) dx.
1

Note the following about the Integration by Parts formula:
* Once you choose u, then dv is completely determined.

¢ Because you need to find an antiderivative of dv to get v, pick u and
dv with this in mind.

¢ Integration by parts allows you to trade one integral for another. If
the new integral is more difficult than the original integral, then you
have made a poor choice of u and dv. Try a different choice for u
and dv (or try a different technique).

e To evaluate the new integral [ vdu you may need to use substitution,
integration by parts again, or some other technique (such as the ones
discussed later in this chapter).

General Patterns

Sometimes a single application of integration by parts yields a formula
that allows us to integrate an entire family of functions.

Example 5. Evaluate /xp In(x) dx for any number p # —1.

Solution. Set u = In(x) so dv = xPdx, du = 1dx and v = ﬁxi"“.
Putting all of this into the Integration by Parts formula:

/x” In(x)dx = p_li_lxpJrl ‘In(x) — / p—li—lpo : %dx
This new integral becomes:
1 7 1 1 xpt1
[ xPdx=——  — Pl k=—_" 1K
p—l—l/x Toriprit TR T pre
Combining these results yields:
P+l P+l xp+1 1
—1 ——+C=——11 -—— | +C
pri O et p+1[n(x) p+J+
for any number p as long as p # —1. <

Practice 4. Use Example 5 to evaluate / 2 In(x) dx and / ‘ In(x) dx.

Reduction Formulas

Sometimes the result of an integration-by-parts procedure still contains
an integral, but a simpler one with a smaller exponent. In these situa-
tions we can reuse the resulting reduction formula until the remaining
integral is simple enough to integrate completely.
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dv = rest of the integrand

What happens when p = —1? Can you
evaluate that integral?
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Example 6. Evaluate / x"e* dx and use the result to evaluate / x%e* dx.

Solution. Set u = x" so dv = e¥dx, du = nx""1dx and v = ¢*. The
Integration by Parts formula gives

/x"e"dx = x"e* —n/x”flex dx

which is a reduction formula because we have reduced the power of x
by 1, trading / x"e* dx for the “reduced” integral / x"LleX dx.

Because / x%e* dx matches the general pattern of / x"e* dx with
n=2 we know that:

/xze" dx = x%e* -2 / xle¥ dx

The new integral also matches the pattern in the reduction formula
(with n = 1 this time) so we know that:

/xle" dx = xle* —1- /xoe" dx

This last integral is just / e* dx = ¢* 4+ K, so combining our results:

/xzex dx = x%¢* — Z/xlex dx = x%¢* —2 [xex - /ex dx]

= x2e* — 2xe¥ +2¢* +C
We can also write the answer as e* [xz —2x+2]+C. <

Practice 5. Develop the reduction formula:
/x” sin(x)dx = —x"cos(x) + n/x”*1 cos(x) dx

using integration by parts.

The Reappearing Integral

Sometimes the integral we are trying to evaluate shows up on both
sides of the equation during our calculations in such a way that we can
solve for the desired integral algebraically.

Example 7. Evaluate / e* cos(x)dx.
Solution. Let u = ¢*, so dv = cos(x) dx, du = e* dx and v = sin(x):
/ e*cos(x)dx = e*sin(x) — /ex sin(x) dx

The new integral does not look any easier than the original one, but it
doesn’t look any worse, so let’s try to evaluate the new integral using
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integration by parts again. To evaluate [ e¥sin(x)dx, let u = ¥ and
dv = sin(x) dx so that du = e* dx and v = — cos(x), giving us:

/ex sin(x)dx = —e*cos(x) + /ex cos(x) dx
Putting this result back into the original problem, we get:
/ex cos(x)dx = e*sin(x) — /ex sin(x) dx

e“sin(x) — {—e" cos(x) + /e" cos(x) dx]

e*sin(x) + e* cos(x) — /ex cos(x) dx

Note that / e* cos(x) dx appears on both sides of this last equation, so

we can solve for that expression algebraically:
We need an arbitrary constant on the

) / er COS(X) dx = &~ sin(x) e COS(X) +K right side of this equation because the
left side is an indefinite integral.

and, finally, divide both sides by 2 to get:

N[ R

/ex cos(x)dx = % [e* sin(x) + e cos(x)] + C €=

which we can also write as e [sin(x) + cos(x)] + C. <

Practice 6. Evaluate / e* sin(x) dx.

A Useful Shortcut

Repeated application of integration by parts, as in Example 6, can
quickly become tedious, even with the aid of a reduction formula. For

integrals of the form / x" - f(x)dx where n is an integer, it is often

possible to arrange the integration-by-parts ingredients in a table to
allow much speedier computation.

Example 8. Evaluate / x?e>* dx.

Solution. Make a table (see margin) with two columns. In the second
entry of the left column, start with u = x? and below it list the suc-

cessive derivatives of x?: 2x, 2 and 0 (you can stop when you get to

Q=
<
w
=

0). In the right column start with v/ = ¢3* and below it list successive

N
=
Ol=
(3N
w
)

antiderivatives of €3*: %63)6, %63" and %8336 . Now multiply the functions

in each row and add the results, alternating signs: 2

Y-
Q
[
=

[e8)
=

1 1 1 1
2 - 3x L3 . 3x _ 0. 3x 0
x 3e 2x 96‘ +2 276 0 81e

We can stop here, because all of the remaining terms will be 0. Now

-
Q

add a constant and you have the result: %xze3x - %xe3x + %633‘ +C. <



570 CONTEMPORARY CALCULUS

Apply this new technique to the second
integral in Example 6 to verify that you
get the same result with the new method.
Which method is faster?

in 0) and when the chosen dv is a function like ¢™*

This shortcut method only works when the chosen u in the initial
integration-by-parts setup is x” (so that taking several derivatives results

or sin(bx) so that

repeated antidifferentiation is fairly easy. But when this shortcut does

apply, it can save you a great deal of time.

Practice 7. Evaluate / x° cos(x) dx and / xPe X dx.

8.2 Problems

Problems 1-6 list one part (1 or dv) needed for in-
tegration by parts. Find the other part (dv or u),
calculate du and v, and apply the Integration by

Parts formula to evaluate the integral.
1. /12x1n(x) dx, u=In(x)

2. /xe‘x dx, u=x

3. /x4 In(x)dx, dv=x*dx

4. /xsecz(Sx) dx,
5. /xarctan(x) dx, dv=xdx

u=x

u=x

6. /x(5x +1)Ydx,

In Problems 7—24, evaluate the integral.

1y
. —d
7 /0 e3x X

3 T
9. /xsec(x)tan(x)dx 10. / 5xsin(2x) dx
0

1
8. / 10xe* dx
0

- /7 7x cos(3x) dx 12. /6x sin(x* + 1) dx
5

13. / 12x cos(3x?) dx 14. / x? cos(x) dx

3
15. / In(2x + 5) dx 16. /x3ln(5x)dx

17. / 18. /jﬁln(x) dx

19. /arcsm 20. /x265x dx

21. /xarctan (3x)d 22. /xln(x +1)dx
2 In(x)

23. 24. /1 2 dx

25.

26.

27.

28.

Write sin”(x) = sin” !(x) - sin(x) and use inte-
gration by parts to obtain the following reduction
/ sin” (x) dx:

formula for

% [— sin" 1 (x) cos(x) 4 (n — 1) /Sinnfz(x) dx}

Write cos”(x) = cos" !(x) - cos(x) and use inte-
gration by parts to obtain the following reduction

formula for /cos”(x) dx:

% [COS”‘l(x) sin(x) + (n—1) /COSn_Z(x) dx]

Use integration by parts to obtain a reduction

formula for / sec” (x) dx.

Use integration by parts to obtain a reduction

formula for / tan” (x) dx.

In Problems 29—40, use a result from Problems 25-28

to evaluate the integral.

29.

31.

33-

35-

[ sin®(x)dx s0. [ sin*(x)dx
[sin® () dx 32 [ cosd(x)dx
[ cost(x) dx 34 [ cos®(x)dx
[ sec () ax 36. [ sect(x) dx
[ sec () ax 3. [ sin(5x —2) dx
/ cos3(2x +3)dx 4. / sec®(7x — 1) dx



In Problems 41-44, obtain a reduction formula using
integration by parts.

41. /x”e“x dx 42. /x” sin(ax) dx

43. /x(ln(x))” dx 44- /x" cos(ax) dx

45. The integral / x(2x +5)? dx can be evaluated
with integration by parts or by substitution.
(a) Evaluate the integral using integration by parts
with # = x and dv = (2x +5)'% dx.
(b) Evaluate the integral using a change of variable
with w = 2x + 5.

(c) Which method is easier?
x
6. The integral / ————dx can be evaluated with
4 89 ) Vitx

integration by parts or by substitution.

(a) Evaluate the integral using integration by parts

1
s dx.

(b) Evaluate the integral using a change of variable
withw =1+ x.

(c) Which method is easier?

with 4 = x and dv =

In Problems 47-68, evaluate the integral using any
appropriate method.

47. /x(ln(x))2 dx 48. /xzarctan(x)dx
1

1
. / cos(x) i
0

ex

49. / e *sin(x) dx
0

51. /sin (In(x)) dx 52. /cos (In(x)) dx
53. /cos (Vx) dx 54. /sin(\/E) dx
55. /63" sin(x) dx 56. /ex cos(3x) dx
57. /oo xe Ydx 58. /oo x%e 3% dx

0 0
59. /Ooo e *sin(x) dx 60. /Ooo e~ 2% cos(3x) dx
61. /x x+1ldx 62. /xmdx
63. /xcos(xz)dx 64. /x%/ﬁdx
65. /xz cos(x) dx 66. /x3\/mdx
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67. / B2 1 1dx

68. / x? sin(x) dx

In Problems 69—72, solve the initial value problem.
69. y' = xsin(x), y(0) =0
70. v = xe’*, y(0) =1
x
71y = =Tl y(0) =1
72. y' = xsin(x) cos?(y), y(0) = &
1 1
73. Consider / xsin(x) dx and / sin(x) dx.
0 0
(a) Before evaluating the integrals, which do you
think is larger? Why?
(b) Evaluate both integrals. Was your prediction
in part (a) correct?
7T T
74. Consider / xsin(x) dx and / sin(x) dx.
0 0
(a) Before evaluating the integrals, which do you
think is larger? Why?
(b) Evaluate both integrals. Was your prediction
in part (a) correct?

75. The figure below shows two regions, A and B.
The volume swept out when region A is revolved
about the x-axis is (using the disk method):

x=e 2
/ 7 (In(x))* dx
x=1

and the volume swept out when region B is re-

volved about the x-xis is (using the tube method):

y=1
/ 2mtyeY dy
y=0

B y =In(x)

(a) Before evaluating the integrals, which volume
do you think is larger? Why?

(b) Evaluate the integrals. Was your prediction in
part (a) correct?
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76. Refer to regions A and B from Problem 75.

(a) Compute the volume of the solid generated
when A is revolved around the y-axis.

(b) Compute the volume of the solid generated
when B is revolved around the y-axis.

77. Calculate the volume swept out when the region
between the x-axis and the graph of y = sin(x)
for 0 < x < 7 is rotated about the y-axis.

78. Calculate the volume swept out when the region
between the x-axis and the graph of y = cos(x)
for 0 < x < 7 is rotated about the y-axis.

79. Calculate the volume swept out when the region
between the x-axis and the graph of y = x sin(x)
for 0 < x < 7 is rotated about the y-axis.

8o. Calculate the volume swept out when the region
between the x-axis and the graph of y = x cos(x)
for 0 < x < 7 is rotated about the y-axis.

81. Determine if the area of the region between the
graph of y = xe™ and the positive x-axis is finite.
(If so, compute the area.)

82. Determine if the area of the region between the
graph of y = x%¢~* and the positive x-axis is
finite. (If so, compute the area.)

83. Determine if the volume of the solid obtained
by revolving the region between the graph of
y = xe~* and the positive x-axis about the x-axis
is finite. (If so, compute the volume.)

84. Determine if the volume of the solid obtained
by revolving the region between the graph of
2,—x

y = x“e¢~* and the positive x-axis about the x-

axis is finite. (If so, compute the volume.)

85. Determine if the volume of the solid obtained
by revolving the region between the graph of
y = xe~* and the positive x-axis about the y-axis
is finite. (If so, compute the volume.)

86. Determine if the volume of the solid obtained
by revolving the region between the graph of
y = x%¢~* and the positive x-axis about the y-axis

is finite. (If so, compute the volume.)

87. We obtained the Integration by Parts formula
analytically, starting with the Product Rule, but
the formula also has a geometric interpretation.
In the figure below, let D be the large rectangle
formed by the regions A, B and C so that:

(area of C) = (area of D) — (area of A) — (area of B)

\Y
\p)
B
Vi C
A
u
Lll Ll2

(a) Represent the area of the large rectangle D as
a function of u, and v,.

(b) Represent the area of the small rectangle A as
a function of u; and v;.

(c) Represent the area of region C as an integral
with respect to the variable u.

(d) Represent the area of region B as an integral
with respect to the variable v.

(e) Rewrite the area equation using the results of
parts (a)—(d). This should look familiar.

88. Suppose f and f’ are continuous and bounded
on the interval [0, 27|, meaning that |f(x)| < M
and [f'(x)] < M when 0 < x < 2. The n-th
Fourier Sine Coefficient of f is defined as:

n= OZNf(x) sin(nx) dx

(a) Use the Integration By Parts Formula with
u = f(x) and dv = sin(nx)dx to represent
the formula for S, in a different way.

(b) Use the new representation of S, from part
(a) to determine what happens to the values
of S, when n is very large (n — o0). (Hint:
£/ (x) cos(nx)| = |f'(x)] - |cos(nx)| < M-1)

(c) What happens to the n-th Fourier Cosine Coef-

27
ficients C,, = / f(x)cos(nx)dx as n — 00?
0
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8.2 Practice Answers

1. u = cos(x) = du = —sin(x) dx and do = xdx = v = 122, so:

/xcos(x)dx: /cos(x) cxdx = /udv:u~v—/vdu
= cos(x) - %xZ - / %xz [—sin(x)] dx
= %xz cos(x) +/%x2 sin(x) dx

resulting in a new integral worse than the original integral.

2. (a) With u = x, dv = sin(x) dx so du = dx and v = — cos(x):

/xsin(x)dx:/udv:u-v—/vdu
=x~(—cos(x))—/[—cos(x)] dx

= —xcos(x) + /cos(x) dx = —xcos(x) +sin(x) +C
(b) With u = x, dv = e dx so du = dx and v = %ESX:

/xe5xdx:/udv:u-v—/vdu

1 1 1 1
:x'geSX7/565xdx: §X€5x*£e5x+c

3. Let u =In(x) and dv = dx so that du = L dx and v = x:
/lnxdx: /udv:wv—/vdu
zln(x)~x—/x~%dx:xln(x)—/ldx:xln(x)—x—i—C
Using this result:

/1€1nxdx = [xIn(x) —x]] = [eln(e) —¢] — [1In(1) = 1] =1

3
4. Withn =2: /x2 In(x)dx = % [ln(x) _ ;] +C
1
With n = 0: /ln(x) dx = xT [ln(x) - ﬂ +C=xIn(x)—x+C

5. Set u = x" and dv = sin(x) dx so du = nx"~!dx and v = — cos(x):
/x”sin(x) dx = /udv =uv— /‘vdu
= —x" cos(x) — / [— cos(x)] - nx" 1 dx

= —x" cos(x) + n/x”*l cos(x) dx



574 CONTEMPORARY CALCULUS

20x3

+

60x2

120x

+

120

,\A,\,\,-\,—\,—\
~— — — ~— ~— — —

6. Proceeding as in Example 7, set u = e* so that dv = sin(x) dx. Then

du = e*dx and v = — cos(x) dx, yielding:

/e"sin(x)dx = /udv = uv—/vdu
=e* - (—cos(x)) — / (—cos(x)) - e*dx
= —e*cos(x) + /e" cos(x) dx

For this new integral, set u = e* so that dv = cos(x)dx. Then
du = e* dx and v = sin(x) dx, yielding:

/ex cos(x) dx = /udv = uv — /Udu = ¢*sin(x) — /ex sin(x) dx
Combining these results we get:
/ex sin(x) dx = —e* cos(x) + /ex cos(x) dx
= —e* cos(x) + e* sin(x) — /ex sin(x) dx
and solving for the integral we started with yields:
2 / e*sin(x) dx = —e* cos(x) + " sin(x) + K
so that:

/ex sin(x) dx = % [—e* cos(x) + e*sin(x)] + C

. For the first integral, let u = x> and take derivatives until you get 0:

x® — 5x* —5 20x% — 60x% —» 120x — 120 — 0

Put these in the left column of the margin table. Then set v’ = cos(x)
and start taking antiderivatives:

cos(x) — sin(x) — — cos(x) — —sin(x) — cos(x)

and put these in the right column of the margin table. Now multiply
the entries in each and add, using alternating signs:

/ %5 cos(x) dx =x° sin(x) — 5x* [— cos(x)] + 20+ [ sin(x)]
— 60x? cos(x) 4 120x sin(x) — 120 [ cos(x)] + C
which we can rewrite as:
h5fmﬁ+4m4sm@y+F#;ﬁm?+uqcm@y+c
Using the same method with the second integral yields:
x> {—;eb‘} —3x2 [iezx] + 6x {—;ezx} -6 [116632"] +C

1 3 3 3
3,—2x 2|13 92 2 9
so/xe dx e [Zx +4x +4x+8}+c.



8.3  Partial Fraction Decomposition

Rational functions (polynomials divided by polynomials) and their
integrals play important roles in mathematics and applications, but
if you look through an integral table (such as Appendix I) you will
find very few formulas for antiderivatives of rational functions. Partly
this is because the general formulas are rather complicated and have
many special cases, and partly it is because they can all be reduced to
just a few cases using the algebraic technique discussed in this section:
Partial Fraction Decomposition.

In algebra you learned to add rational functions to get a single
rational function (just as in arithmetic you learned how to add many
fractions to get a single fraction). Partial Fraction Decomposition is a
technique for reversing that procedure to “decompose” a single rational
function into a sum of simpler rational functions. This allows us to
turn the integral of a single rational function into the sum of integrals
of simpler functions.

Example 1. Verify that the algebraic decomposition:
17x-35 _ 7 n 3
2x2—-5x  x 2x-5

17x —
is true and use this fact to evaluate x735 dx.
2x2 — 5x

Solution. Working from the right side of the above equality, combine

the two rational expressions by converting to a common denominator:

7 3 7 (2x—5) 3

14x — 35+ 3x 17x — 35

2x2 —5x  2x2 —5x

X
x 2x—5 «x (2x—5) (2x—5) «x

which is the expression on the left side. This decomposition allows us
to exchange the original integral for two much easier ones:

17x — 35 7
X = [ L4 /
2x2 — 5x * /x X

3
775 dx = 7ln(|x|)+§ln(|2x—5|)+C

which can also be written as In (\x\7 - 2x — 5|%) +C. <

Practice 1. Verify that the algebraic decomposition:

7x — 11 4 1

3 —8x—3 3x+l x—3
7x — 11
is true and use this fact to evaluate = dx.
3x2 —8x—3

Example 1 illustrates how to use a “decomposed” fraction to find
an antiderivative of a rational function, but it does not show how to
achieve this decomposition. The algebraic basis for the Partial Frac-
tion Decomposition technique relies on the Fundamental Theorem of

INTEGRATION TECHNIQUES

575



576 CONTEMPORARY CALCULUS

You might think that the Fundamental of
Algebra would be easier to prove than
the Fundamental Theorem of Calculus,
because you studied algebra before cal-
culus. Although we have already proved
the Fundamental Theorem of Calculus
in Chapter 4, a proof of the Fundamen-
tal Theorem of Algebra requires some
higher-powered math.

Now might be a good time to review
polynomial division if you have not used
it recently.

Algebra, which guarantees that every polynomial with integer coef-
ficients can be factored into a product of linear factors of the form
ax + b and irreducible quadratic factors of the form ax? + bx + ¢ (with
b?> — 4ac < 0). Unfortunately, the Fundamental Theorem of Algebra
does not tell us how to find these factors, which typically will be more
complicated than the examples in this section, but every polynomial
has such factors. Before we apply the Partial Fraction Decomposition
technique, the fraction must have the following form:

* (degree of the numerator) < (degree of the denominator)

* The denominator has been factored into a product of linear factors
and irreducible quadratic factors.

If the first assumption is not true, we can use polynomial division until
we get a remainder with a smaller degree than the denominator. If
the second assumption is not true, we simply cannot use the Partial
Fraction Decomposition technique.

Example 2. Put each fraction into a form ready for Partial Fraction

Decomposition:
@ 2x2 4+ 4x —6 ) 3x3 —3x2 —9x+8 © 7x% 4+ 12x — 12
x2 —2x xX2—x—6 x3 —4x

Solution. (a) The degree of the numerator is not lower than the degree
of the denominator, so we need to use polynomial division to rewrite
the rational function:

2x2 +4x —6
x2 —2x

8x—6
x2—2x

8x — 6
24+ =%

=2% x(x—2)

and conclude by factoring the denominator.

(b) The degree of the numerator is bigger than the degree of the denom-
inator, so we need to use polynomial division to rewrite the rational
function:

3x>—3x2 —9x+8
x2—x—6 N

9x + 8
(x+2)(x—3)

9x +8
3X+m—3x

and conclude by factoring the denominator.

(c) Here the degree of the numerator is smaller than the degree of the
denominator so we need only factor the denominator:

7x24+12x—12  7x2412x — 12
¥—4x  x(x+2)(x—2)

and no polynomial division is required. <



Distinct Linear Factors

If you can factor the denominator into a product of distinct linear

factors, then it turns out you can write the original fraction as the sum

number Lo .
of fractions of the form ——————. Your job is to find the numbers
linear factor

in the numerators, and that requires solving a system of equations.

Example 3. Find values for A and B so that:
17x-35 A B

x(2x — 5) =y w5

Solution. Multiply both sides of this equation by the common denom-
inator x(2x —5) to get:

17x — 35 = A(2x —5) + Bx =2Ax —5A + Bx = (2A+ B)x —5A

The leftmost and rightmost expressions in this equality are both linear
functions, and we want them to be equal for all values of x, so the
coefficients of x must be the same: 17 = 2A + B. Similarly, the constant
terms must be the same: —5A = —35 = A = 7. Putting this into the
previous equation:

17=2A+B=17=2(7)+B=B =3

so we now know that:
17x — 35 7 3

x(2x —5) x5
which agrees with what we saw in Example 1. <

Practice 2. Find values of A and B so that:

6x —7 A B

(x+3)(x—2) X3 x-2

In general, there will be one unknown coefficient for each distinct
linear factor of the denominator. If the number of distinct linear factors
is large, we would need to solve a large system of equations for the
unknowns. For any situation involving only distinct linear factors,
however, a useful shortcut exists.

Example 4. Find values for A, B and C so that:

2247x49 A B C
x(x+1)(x+3) x x+1 x+3

Solution. Multiplying both sides of the above equation by the common
denominator x(x + 1)(x + 3) yields:

2x% +7x+9 = A(x +1)(x +3) + Bx(x +3) + Cx(x + 1)
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We won’t prove you can always do this,
but you should be able to understand
why this technique works by examining
the solutions of Examples 3 and 4.
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At this point, you could combine the expressions on the right side
of this new equation into one big quadratic polynomial and compare
its coefficients to those of the quadratic polynomial on the left side,
resulting in three equations in three unknowns. Or you could plug in
some well-chosen values of x to avoid much of that algebra. If x = 0:

2:0247-0+9=A0+1)(0+3)+B-0-(0+3)+C-0-(0+1)
509 =3A = A = 3. Similarly, if x = —1:
2(=1)2+7(=1) +9 = A(0)(2) + B(=1)(2) + C(~1)(0) = 4 = —2B
s0 B = —2. And if x = —3:
2(=3)2+7(-3) +9 = A(-2)(0) + B(—3)(0) + C(—3)(—2) = 6 = 6C

so C = 1. We now know that:
2x2 4+ 7x+9 3 2 1

x(x+1)(x+3)  x x+1 tiT3
and can easily integrate each of these three simpler fractions. <

2x2 47
Practice 3. Evaluate the integral / 2T dx.
x(x+1)(x+3)

Practice 4. Apply the method of Example 4 to the Partial Fraction
Decomposition in Example 3.

For fractions whose denominators contain irreducible quadratic
factors or repeated factors, the form of the decomposition becomes
more complicated —and with it, the algebra required to find the values
of the constants. We will not discuss why the following suggestions
work to decompose more general rational functions, except to note that
they provide enough (but not too many) unknown coefficients.

Distinct Irreducible Quadratic Factors

If the factored denominator includes a distinct irreducible quadratic
factor, then the Partial Fraction Decomposition sum contains a fraction
of the form:

linear polynomial Ax+B
: . . or —/———————
irreducible quadratic factor x>+ px+g

where we typically need to solve a system of equations to find the values
of the unknown coefficients A and B, given p and g with p? —4g < 0.

Example 5. Find values for A, B and C so that:

x2+3x—15 Ax+ B C

(x2+2x+5)x M r2xi5 x




Solution. Multiply the equation on both sides by the common denom-
inator (x? 4 2x + 5)x to get:

x? +3x — 15 = (Ax + B)x + C(x? +2x +5)
Put x = 0 into the equation to get:
—15=(B)(0)+C(5) = C= -3

Unfortunately, there no other numbers we can use for x to make terms
on the right side vanish, but we can plug in any other “nice” number
we want. The “nicest” numbers after 0 are 1 and —1:

x=1: —11=(A+B)—3(8) = A+B=13

x=-1: —17=(—A+B)(-1)—3(4) = A—B=—5

We now have two equations in two unknowns. Adding these equations
yields 2A = 8 = A = 4 and subtracting the second equation from the
first yields 2B = 18 = B = 9. This tells us that:

x> +3x—15

(x2+2x+5)x

4x +9 3

x24+2x+5 «x

The original function is now in a form that is ready for integration. <«

x*+3x—15
Practice 5. Eval he i 1 / ———— dx.
ractice 5. Evaluate the integra (125 +5)x X

In general, there are two unknown coefficients for each distinct
irreducible quadratic factor in the denominator.

6x3 + 36x% + 50x + 53
(X2 +4)(x2+4x+5) "

Example 6. Decompose the rational function

Solution. The degree of the denominator (4) is bigger than the degree
of the numerator (3) and fortunately the denominator has already been
factored into two irreducible quadratics. We can write:

6x +36x2+50x +53  Ax+ B
(x2+4)(x2 +4x+5) x2+4

Cx+D
x2+4x+5

Multiplying by the common denominator (x? +4)(x? + 4x +5) yields:

6x> + 36x% + 50x + 53 = (Ax + B)(x* +4x +5) + (Cx + D) (x* + 4)
= Ax® + 4Ax* + 5Ax + Bx® + 4Bx + 5B + Cx” + 4Cx + Dx* + 4D
= (A+C)x®+ (4A+ B+ D)x* + (5A + 4B +4C)x + (5B +4D)
Compare coefficients between the first and last polynomials to see that
A+C=6,4A+B+D =36,5A+4B +4C = 50 and 5B + 4D = 53.

After much algebra (see margin note), this system of four equations in
four unknowns reducesto A=6,B=5, C=0and D = 7. <
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The denominator in unfactored form is:
xt 4 4x% 4942 + 16x +20

Would you be able to factor this into two
irreducible quadratic factors if it had not
already been factored for you?

To simplify the algebra, note that:
C=6—-—Aand D= %(53758)

then substitute these expressions into the
second and third equations to reduce
a system of four equations in four un-
knowns to a system of two equations in
two unknowns.
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Repeated Factors

If the factored denominator contains a linear factor raised to a power
(greater than one), the decomposition requires one unknown coefficient
for each power of the linear factor. For example:

something A B C D

GrDGE-2° x+1  x2 22t o2y

Similarly, if the factored denominator contains an irreducible quadratic
factor raised to a power (greater than one), then the decomposition re-
quires one linear term (with two unknown coefficients) for each power
of the irreducible quadratic. For example:

something _é+E+Cx+D+ Ex+F n Gx+H
2(x249)3  x  x2 0 2249 (x2+49)2  (x2+9)8

This leads to a system of 8 equations with 8 unknowns.

—4x* +5x+3
Example 7. Evaluate / % dx.

Solution. Before we can integrate, we need to decompose the integrand
into simpler rational functions. The degree of the denominator (3) is

bigger than the degree of the numerator (2) but we do need to factor:
2% 4 x=x(x? —2x4+1) = x(x — 1)?

so that we can write:

—4x2
2i5x43_A, B, C
x(x—1)2 x  x—1 (x—1)2

Multiply this equation by the common denominator x(x — 1) to get:
—4x> +5x4+3=A(x—1)2+Bx(x — 1) + Cx
Inserting the values x = 0 or x = 1 yields:
x=0: 3=(A)(-1)>+B(0)(-1)+C(0) = A=3
x=1: 4=A(0)+B(1)(0)+C(1) = C=4
Using A = 3 and C = 4 with x = —1 results in:
—6=3(—2)2+B(-1)(-2) -4 = 2B=—-14 = B=—
We can now integrate:
/ —4% +5x+3 _/[_ 4 }dx
J B2 x (x—l)2
4

=3In(|x|) —7In(|x —1|) — P +C

3
4
which can also be written In 1] — +C. <
x—17) x-1



2
Practice 6. Evaluate / w dx.
(x+5)2

Be careful: Partial Fraction Decomposition only works with rational
functions, although you may be able to turn another type of integrand
into a rational function using substitution. For example, we can write:

B 1 [ cos(h) _ cos()
/Sec(g) do = / cos(f) 40 = / cos?() = / 1 —sin?(9) “

and substitute u = sin(6) = du = cos(6) d to convert this to:

/sec(())dﬂz/%dG:/l_luz du

which is now a job for partial fractions.

Additional Applications

The primary use of the partial fraction technique in this course is
to convert rational functions into a form that makes them easier to
integrate, but this algebraic technique can also be used to simplify the
differentiation of certain rational functions. (In a later math course, you
will also use partial fractions when computing certain inverse Laplace
transforms.) The next Example illustrates the use of partial fractions to
make a differentiation problem easier.

2x +13

Example 8. For f(x) = 2rx—2

, calculate f'(x), f”(x) and f"'(x).
Solution. You already know how to calculate these derivatives using
the Quotient Rule, but that process becomes rather tedious for the
second and third derivatives of this function. Instead, we can use the
partial fraction technique to rewrite f as:

5 3

flx) = P e =5(x—1)"1=3(x+2)"!

Computing the derivatives is now quite straightforward:

fl(x) = =5(x —1)"2 4 3(x +2) 2
f'(x) =10(x —1) 3 —6(x +2) 3
"(x) = =30(x —1)"* +18(x +2)*

You will appreciate the value of this shortcut if you attempt to compute
f""(x) using the Quotient Rule. <

9x+1

Practice 7. Use a partial fraction decomposition of g(x) = P P—

to calculate g’(x), ¢”(x) and g™ (x).
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Problem 41 asks you to complete this in-
tegration and resubstitute to obtain the
antiderivative pattern for sec().
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8.3 Problems

The rational functions in the Examples and Problems in this section

have been carefully constructed to allow you to easily factor denom-

inators and to decompose fractions with a minimum of effort.

In

practice, factoring higher-order polynomials can require numerical
methods (like Newton’s Method) to approximate roots and decom-
posing rational functions whose denominators include repeated linear

irreducible quadratic factors can lead to systems of many equations in

many unknowns that benefit from the tools available in linear algebra.

As a result, computers are best suited to handle the partial fraction

decomposition of more complicated rational functions.

In Problems 1-32, decompose the integrand and 2 / 7x% + x% +7x + 10 dx

then evaluate the integral. x% 243

12x2 +19x — 6 2x+5
D == T 4y 26. / —— dx
1. / has 2. / D » / x3 4 3x2 * (x+1)2
x(x+1) (x+3)(x—1)
7x% +3x +7 7x? —4x +4
, / 11x +25 ] /3x+7dx 27'/de 25 / w1
’ 2 ' 2 _
x-+9x +8 xc—1 . /oo 5 » / 7x 42
/ 22 4+15x+25 | / 3 322 (| 6x2 — 13x + 16
x2 4 5x ") oxr4x=2 / 6x2 + 5x + 61
31. 5
, / 6x2 +9x 15 /‘6x2x1dx (x—1)(x ;jxﬂiﬂ
) ox(x+5)(x—1 . x3—x / - d
e+ d)(x—1) 2 ) G5 —6x+3a)
9 / 8x2 —x+3 Jx 0 / 9x% +13x + 15 Integrals can be very sensitive to small changes in
X3+ x x3 4 2x2 — 3x the integrand. In 33-34, notice how similar functions

/ 11x2 +23x + 6
11 —_— d
x2(x+2)

3x+13

/(x+2)(x75)
5 2

'/zxZ—l

. /2x2+5x—3dx

7 x2—1

19./

13. dx

Y}

1 dx

Ul

3x2 +19x + 24
x24+6x+5

3x2 -1

dx
x3 4+ x

21.

23 +3x2 —4x + 30

23.

/

x2 4+ 3x — 10

/ 6x2 4+ 14x — 9 p
x(x+3)2

2x +11

'/(%7)(%2) dx

. / 5x2 +5x—|—3d
1

x3 4+ x

7x%2 4+ 8x — 2
20. /70&

2x2 4+ 19x + 22

d
2rx—12 &

x2 -+ 2x
/x4+5x3+x—15
22.
x2 + 5x
dx

require vastly different integration methods.

1 1
33- (@) /x2+2x+2dx 34- () /x2—6x+8dx

1
(b) /x2—6x+9 dx

® [

(©) /x2+2x+0 dx

In Problems 35-40, use a partial fraction decomposi-

© [

x2 —6x+10

tion to compute the first and second derivatives of

the given function.

35. f(x) =
37. g(x) =

39. h(x) =

7x +2
x(x+1)
11x + 25
x24+9x +8

2x2 + 15x + 25

x2 + 5x

36. F(x) =

38. G(x) =

H(x) =

7x+9
(x+3)(x—1)
3x+7
x2—1

9x2 4+ 13x + 15
x3 4+2x2 — 3x
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41. Obtain a formula for / sec(0) df by writing: 42. Obtain a formula for / csc(0) df by writing:
S| cos(0) cos(0) 1 sin(6) sin(6)
dG:/ d@:/ide) / de:/ _ [ _sin®)
/ cos(0) cos2(0) 1 —sin®(6) sin(6) sin?(9) 1 — cos?(6)
and using the substitution u = sin(6) to turn this and using the substitution # = cos(#) to turn this

integrand into a rational function.

Logistic Growth

The following two applications involve a type of differential equation
that can be solved by separating variables and then using a partial
fraction decomposition to calculate the antiderivatives. The same type
of differential equation is also used to model the spread of rumors
and diseases, as well as the growth of some populations and chemical
reactions.

The growth rate of many different types of populations depends
not only on the number of individuals currently in the population
(leading to exponential growth) but also on a “carrying capacity” of the
environment. (As a population grows, it might deplete a food source,
slowing the growth of the population.) If x is the size of a population
at time t and the growth rate of x is proportional only to the size of the
population, we get the differential equation:

dx

E:kx

which we investigated in Section 6.4. If we want to create a model in
which the growth slows as the size of the population nears the carrying
capacity M, we can multiply this model for dx by factor (1 - i):
dt M
dx x
=)
When x is small (relative to M), this new factor is close to 1 so that:
dx X
E-kx(l—ﬁ) ~ kx

leading to growth that is “almost exponential.” When x gets close to
M, this new factor is close to 0:

dx x M

E_kx(l_ﬂ> ka(l—M> =0
so that the growth of x slows down and x is (roughly) constant. We

call this differential equation the logistic equation and its solution a
logistic function.

integrand into a rational function.
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43. Letk =1 and M = 100, and assume the initial
population is x(0) = 5.

(a) Create a direction field for the ODE.

(b) Solve the corresponding logistic IVP.

(c) Graph the population x(t) for 0 < t < 20.

(d) When will the population be 20? 50? 90? 100?

(e) What is the population after a “long” time?
(Find the limit of x, as t — c0.)

(f) Explain the shape of the graph in (c) in the
context of a population of bacteria.

(g) When is the growth rate largest?

(h) What is the population when the growth rate
is largest?

(i) What would happen if x(0) > 100?

44. Letk =1 and M = 100, and assume the initial
population is x(0) = 150.
(a) Solve the corresponding logistic IVP.
(b) Graph the population x(t) for 0 < t < 20.
(c) When will the population be 1207 110? 100?
(d) What is the population after a “long” time?
(e) Explain the shape of the graph in (b).
45. Let k and M be positive constants, and assume
the initial population is x(0) = xo.
(a) Solve the corresponding logistic IVP.
(b) What is the population after a “long” time?
(c) When is the growth rate largest?
(d) What is the population at that time?

Chemical Reactions

In certain chemical reactions, a new material X is formed from materials

A and B, and the rate at which X forms is proportional to the product

of the amount of A and the amount of B remaining. Let x represent the

amount of material X present at time ¢, and assume that the reaction

begins with a grams of A, b grams of B and no material X (so that

x(0) = 0). Then the rate of formation of material X can be described by

the differential equation:

46. Solve the IVP given above for x if k = 1 and the
reaction begins with

(a) 7 grams of A and 5 grams of B.
(b) 6 grams of A and 6 grams of B.

dx

o =k(a—x)(b—x)

47. Solve the IVP given above for x if k = 1 and the
reaction begins with

(a) a grams of A and b grams of B with a # b.
(b) c grams of A and c grams of B (for ¢ > 0).
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8.3 Practice Answers

=

. To verify the identity:
4 .(x—3)+ 1 (Bx+1) (4x—12)+(Bx+1)  7x—11
Bx+1) (x—3) (x—3) Bx+1)  (Bx+1)(x—3)  3x2—-8x-3

To evaluate the integral:

7x —11 " 4 1 4

2. Multiply both sides of the equality by the common denominator
(x4 3)(x —2) to get:
6x—7=A(x—2)+B(x+3) = Ax—2A+Bx+3B=(A+B)x+ (—2A+3B)

so A+ B =6 and —2A + 3B = —7. Solving this system of equations
yields A=5and B = 1.

3. Using the result of Example 4:

3 2 1
/L_Hﬁ | dx =3I (x)) ~2In (jx + 1)) +In (jx +3)) + €

4. Multiply each side of the equation by the common denominator
x(2x — 5) to get:

17x — 35 A B
T 2 P 17x—35=A(2x—5)+ B
X(2x—5) x+2x—5 = 17x —35 (2x — 5) + Bx

Now put x = 0 and x = 3 into this new equation to get:
x=0: —35=-5A+0= A=7

5 15
X==: —

S5 :A(0)+B<;) = B=3

5. Using the result of Example 5:
/ 4x+9 3 dx—/ 4x+8+1 3 i
x24+2x+5 «x ) (x+1)2+1 x
(2x +2) 5 3
= ——|d
/[x2+2x+5+( F1)2+4 x] *

=2In (x2+2x+5> +%arctan <x—21—1> —3In(|x|)+C

6. Because the degree of the numerator equals the degree of the denomi-
nator, we must use polynomial division to rewrite the integrand as:

2x2 +27x+85 L 7x435 , 7(x+5) 7
x2+10x+25 7 x24+10x+25 © (x+5)2 7 x+5

This integrand does not require partial fraction decomposition:

2x2 + 27x + 85 7
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7. First write:

(x) = Ix+1 9x +1 A n B
S = 2 oy =37 (x—3)(x+1) x—3  x+1

and then multiply through the last equality by the common denomi-
nator (x —3)(x + 1) to get:

9x+1=A(x+1)+B(x—3)
Now put x = 3 and x = —1 into this new equation to get:

x=3: 28=4A+B(0) = A=7
x=-1: —8=A(0)+B(—4) = B=2

We can now rewrite ¢(x) as g(x) = 7(x — 3) ™' +2(x + 1)~ so that:

g (x)=-7(x—=3)"2-2(x+1)2
¢ (x) =14(x —3) 3 +4(x+1)73
g"(x) = —42(x —3)* —12(x +1)7*

(x)



8.4 Trigonometric Substitution

In the previous section, you learned how to decompose rational ex-
pressions into simpler forms that were easier to integrate. This section
investigates a method for transforming integrands involving radical
expressions of the form /a2 — x2, v/a2 + x2 and V/x2 — a2 using a spe-
cialized change of variable.

While we know that [ ﬁ dx = arcsin(x) + C, and while we can

compute | ﬁ dx and [ xv/1 — x2 dx without much difficulty using
the substitution u = 1 — x2, the simpler-looking integral [ v/1 —x2 dx
poses a greater challenge. It does, however, have a geometric interpre-
tation that allows us to find an antiderivative.

Consider fob V1—x2 dx for any b with 0 < b < 1. This definite
integral represents the area of the region under the curve y = v/1 — x2
between the y-axis (where x = 0) and the vertical line x = b (see
margin). We can split this region into two pieces (as in the margin
figure): a sector of a circle and a triangle.

The triangle has base b and height v/1 — b2, so its area is %b /1 — b2
The area of a sector of a circle with radius r and central angle 6 is
% -7tr? = 1120, But r = 1 and 6 is also the angle of the upper vertex
of the triangle, so:

. opposite b .
sin(f) adjacent 1 aresin(b)

which tells us:
b
/ V1—x2dx = %l% \/1—b2+%arcsin(b)
0

and we can easily deduce that:
/\/1—x2 dx = %x~ 1—x2—|—%arcsin(x)+C

The appearance of arcsin(x) in the antiderivative of v/1 — x? suggests a
somewhat unusual substitution. Because arcsin(x) represents an angle,
we can call it 8 and write:

arcsin(x) =6 = x =sin(f) = dx = cos(6) d6

If we make the substitution x = sin(), the integral becomes:

/\/ 1—x2dx = /\/1 —sin?(0) - cos(0) dO = / \/ cos?(0) - cos(0) do
= /cos(@) -cos(0) do = /cosz(e) a6

This is an integral we already know how to work out:

1 1 1 1
9 1.1 1, 1.
/cos (0)do = / [2 + 2cos(29)] a6 = 29+ 4s1n(26)+C

= %6 + i -2sin(6) cos(0) + C = %9 + % sin(0) cos(0) + C
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If b = 1, the integral should give the area
of a quarter-circle of radius 1, and we can
then verify that:

/1\/1 xzale1 1 0+1arcsin(1)
Jo T2 2
1 =
=0+ 2737

Ordinarily we would write:
cos?(8) = |cos(6)|

but 6 = arcsin(x) and the range of arc-
sine is [— %, Z], so cos(f) > 0.
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Ordinarily we would write:

cos(f) = £v/1—x2

but from the discussion in the preceding
margin note we know that cos(6) > 0.

6 = arcsin(x)

1

12—x2

There is nothing special about the num-
ber 3 in these examples: we would have
used 5 or 7 or V/17.

Now we must convert the variable § back to x. We started out with
6 = arcsin(x) = x = sin(#) so we just need to rewrite cos(6) in terms
of x. The Pythagorean identity tells us that:

cos?(f) +sin?(f) =1 = cos?(f) =1 —sin?() = 1 — x*

50 cos(f) = /1 — x2. Therefore:

1 1 1 1
EG +5 sin(6) cos(0) 4+ C = 5 arcsin(x) + 5 XV 1—x2+C

which agrees with our original geometric result.

Another Change of Variable

The preceding discussion suggests a new type of substitution: instead
of setting 1 = function of x, replace x with a (trigonometric) function
of 6. Each trigonometric substitution will involve four major steps:

1. Choose a substitution to make x = a trigonometric function of 6.
2. Rewrite the original integral in terms of 6 and d®.

3. Find an antiderivative of the new integrand.

4. Rewrite this antiderivative in terms of the original variable x.

The discussion that follows examines how these steps play out in three
situations. The first step requires you to make a decision. The other
steps follow from that decision. For most students, the key to success
with the Trigonometric Substitution technique is to think triangles.

Step 1: Choosing the substitution

The Pythagorean identity cos?(8) + sin?(8) = 1 played an important
role in our first application of the trigonometric substitution technique.
The familiar Pythagorean Theorem can help guide you to a correct
choice of substitution so that a trigonometric identity will always come
to the rescue when converting from 6 back to x in Step 4. Thinking of a
right triangle, we can state the Pythagorean Theorem as:

(side)? + (other side)? = (hypotenuse)?
= (other side)® = (hypotenuse)® — (side)?

A right triangle representing our initial substitution x = sin(6) appears
in the margin. Here x is the length of the side opposite 6 and 1 is the
length of the hypotenuse, so that the “other side” has length V1 — x2,
the radical expression that appeared in the original integral.

We now investigate the trigonometric substitutions for three repre-
sentative patterns: 32 4 x2,32 — x2 and x2 — 32.



* The pattern 32 4+ x? matches the Pythagorean pattern if 3 and x are

sides of a right triangle (see margin). Then:

_ opposite _ x _
tan() = adjacent — 3 = x =3tan(0)

e The pattern 32 — x2 matches the Pythagorean pattern if 3 is the

hypotenuse and x is a side of a right triangle (see margin). Then:

. opposite X .
6 = —_— = — = 0
sin(6) hypotenuse 3 = x = 3sin(6)

* The pattern x? — 3% matches the Pythagorean pattern if x is the

hypotenuse and 3 is a side of a right triangle (see margin). Then:

_ hypotenuse _ x = x = 3sec(f)

sec(6) adjacent 3

Step 2: Rewrite the original integral in terms of 6 and 40

Once you have made the choice for the substitution, several things
follow automatically: you can easily calculate dx, you can solve for 6,

and you can rewrite the original pattern of interest as a function of 6.
o With the pattern 32 + x2, differentiation yields:
x =3tan(8) = dx = 3sec?(0)do
while solving the substitution equation for 6 yields:
x =3tan(f) = tan(f) = g = 0 = arctan (g)
and the original pattern becomes:

32+ x? = 32 4 32tan?(9) = 32 [1 + tanZ(G)} = 32sec?(6)

» With the pattern 32 — x2, differentiation yields:
x =3sin(f) = dx = 3cos(0)do
. . x (X
x =3sin(f) = sin(f) = 3 = 6 = arcsin (5)
32 — x? =32 - 3?sin%() = 32 {1 - sinz(G)} = 32 cos?(h)
» With the pattern x? — 32, differentiation yields:

x =3sec(f) = dx = 3sec()tan(6)do

x =3sec(f) = sec(f) == = 6 = arcsec (f)

3
sec?(0) — 1} = 3% tan?(6)

QW[ R

x? — 3% = 3%sec?(f) — 3% =32

—
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3 i
X
0 0= arcsin(i)
| 3

32 - 2
X
x?-3?
0 0= arcsec(i)
] 3
3

Here —7 < 6 < J because that is the
range of the arctangent function. This
means that sec(f) > 0 always holds, so

that /sec?(6) = sec(6).

Here —7 < 6 < Z because that is the

range of the arcsine function. This means

that cos(f) > 0 always holds, so that
cos?(0) = cos(0).

Here 0 < 0 < J or 7 < 6 < 7 because
that is the range of the arcsecant function.
We will want tan(f) > 0 to avoid abso-
lute values when simplifying \/tan?(0);
to do so, we will need to assume that
x>3sothat0 <6 < 7.
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Example 1. For the patterns 16 — x2 and 5 + x?, select an appropriate
substitution for x, calculate dx and 6, and use the substitution to
simplify the pattern.

0= . (X Solution. The pattern 16 — x> matches the Pythagorean pattern if 4 is
= aresiy 4 a hypotenuse and x is the side of a right triangle. Then:
. opposite X .
)= —"——=— = 4sin(6 dx =4 6) do
A . sin(6) hypotenuse 4 = X sin(f) = dx cos(0)

while 6 = arcsin (Z) and 16 — x2 becomes:

16 — [4sin(0)]> = 16 — 16sin(0) = 16 {1 - sinz(B)} = 16 cos?(6)
42 _ 2
The pattern 5 + x? matches the Pythagorean pattern if x and /5 are
the sides of a right triangle. Then:
__opposite  x

- = c_ 2 - = 2
Q—arctan(\/g) tan(6) = adiacent ~ V3 = x=+5tan(d) = dx = V/5sec’(6) do

x
while 6 = arctan | —= ) and 5 + x? becomes:
5+x2 . < V5 )
2
) 5+ [\/Etan(e)} — 5+ 5tan?(0) =5 [1 + tanz(e)] = 5sec?(0)
Drawing a right triangle for each pattern (as in the margin) will help
Vs you visualize the appropriate substitution. <

Practice 1. For the patterns 25 + x? and x> — 13, decide on the appro-
priate substitution for x, calculate dx and 6, and use the substitution to
simplify the pattern.

Example 2. Use x = 5tan(f) to rewrite the integral /

1
— dx.
V25 + x2

Solution. Differentiating x = 5tan(0) yields dx = 5sec?(6) d6 and:

25 + x = 25 + 25 tan?(0) = 25 [1 + tanZ(e)} — 255ec?(f)

so that /25 + x2 = \/25sec?(f) = 5sec(f) and the integral becomes:

/\/Z;W dx—/5selc(9>-55ec2(9)d9—/sec(9)d9

which is an integral we already know how to evaluate. <

Practice 2. Use x = 5sin(0) to rewrite the integral /

1
V25 — x?
Step 3: Find an antiderivative of the new integrand

After changing the variable, the new integrand typically involves
products of powers of trigonometric functions and we can use any of
our previous methods (another change of variable, integration by parts,
a trigonometric identity or integral tables) to find an antiderivative.
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Step 4: Rewrite this antiderivative in terms of the original variable

Once we have found an antiderivative, usually involving a trigono-
metric function of 6, we can replace 6 with the appropriate inverse
trigonometric function of x and simplify. Because the antiderivatives
commonly contain trigonometric functions, we frequently need to sim-
plify a trigonometric function of an inverse trigonometric function, and
at this stage it is often very helpful to refer back to the right triangle we
used at the beginning of the substitution process.

1
Example 3. Evaluate / — dx.
Pl€3 J /25 + &2

Solution. In Example 2 we used the substitution x = 5tan() to con-
vert this integral to:

/\/251W dx = /sec(e) d6 = In (|sec(6) + tan(8)|) + C

We now need to rewrite sec(f) and tan(6) in this antiderivative in terms

x
of x using the fact that 0 = arctan ( = ):
& <5 ) 0= arctan(%)
In (’sec (arctan (g)) + tan (arctan (%)) D +C
V25 + x2
Referring to the right triangle for this substitution (see margin): X
V25 2
sec (arctan (g)) = % and tan (arctan (g)) = % 9
5
so, putting all of these pieces together:
\/ 2
/ # dx =1n M + E +C Where did the absolute value signs go?
V25 + x? 5 5 Because:
Va2 /X2 +25
As always, we can check that this is indeed an antiderivative of the *g < ‘g‘ = Tx < ¥z 5
original integrand by differentiating. < we know that:
\/x25+25 +% >0

1
Practice 3. Evaluate / —_— dx.
3 x24/9 — x2

Variations on a Theme

While we will typically apply trigonometric substitution to integrands

involving radicals of the form Va2 + x2,v/a2 — x2 or vVx2 — a2, we can
adapt this technique for more general integrands by incorporating other
methods, such as u-substitution and completing the square.

1

Example 4. Evaluate / — dx.
Vx24+2x 426
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Here we employ the logarithmic identity:

In (%) — In(A) — In(B)

We could have made a similar simplifica-
tion in Example 3.

8.4 Problems

Solution. The polynomial inside the radical in this integrand is an
irreducible quadratic so—just as we did with rational functions —we
can complete the square:

X2 +2x+26=(x+1)2425

and next use the substitution u = x +1 = du = dx:

/S SN S S -
VaZ+2x + 26 )/ (x+1)2+52 Vi2 52

The integrand is now ready for a trigonometric substitution. In fact,
this resembles the integral in Example 3, so:

/ 2
Vu? 4 52 5 5
:ln(\/25+u2+u)+C—ln(5)

zln(\/m+(x+l)>+l<

orln<x+1+\/x2+2x+26)+l<. <

Wrap-up

When using trig substitution, remember to think triangles. The first
and last steps (choosing the substitution and writing the answer in
terms of x) are much easier if you have drawn the appropriate triangle
for the problem. Of course, you also need to practice the method.

In Problems 1-8, determine the appropriate substi- In Problems 9-14, make the given substitution and

tution for the given integrand.

simplify the result, then calculate dx.

1

1. V49 —x2? 2. Vx%2—-36 9. x=3-sin(f) in o2
5 /@ L 2 1

2)2 4. V8+x? 10. x =3-tan(f) in ———

3 (8142 0) in =5
1

5. VxZ—7 6. V99 — x2 11. x =3-sec(f) in ———

VaZz—9
1 1

P 8 — 6. s o1
7 100 - 22 222 — 100 12. x=6-sin(6) in 7



1
13. x = /2 tan(f) in
V2 + x?
1
14. x = sec(f) in
4 (0) =

In Problems 13-18, (a) solve for 6 as a function of x,
(b) replace 6 in f(6) with you result from part (a),
and (c) simplify.

15. x = 3-sin(f), f(0) = cos(P) - tan(0)

16. x =3 -tan(f), f(0) = sin(P) - tan(0)

17. x = 3-sec(f), f(8) = /1 +sin?(0)

18. x =5-sin(0), f(#) = 15:)3522()9)
COS2
19. x =5-tan(0), f(0) = mo(te()g)

20. x = 5-sec(f), f(8) = cos(6) + 7 - tan?(6)

In Problems 21-44, evaluate the integral. (More than
one method works for some of the integrals.)

3 1 xz
21. | ————=dx _
/x R 22, / s dx

1 1
23. | ——— dx 24. /7dx
3 /\/x2+49 4 VaZ+1
25. /x\/36—x2dx 26. /\/1—36x2dx

1 1
27. | ——— dx 28. /7dx
7 /\/36+x2 xvV25 — x2
2 V-
25 — 2
29. /7x dx 30. /752 X ax
V49 — x2 X
1 /;dx 71 d
3t V25 — x? 32 /x2+49 x
X 1
.| ————dx -
33 / X2 +49 34 / 2
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35. /%dx 36. /%dx
(x2-9)2 (4x2 —1)2

" 5 1
R SRR S S
37 / 2xv/x2 — 25 3 xV3 —x2
1 1
39. /725_9(2 dx 40. /7a2+x2 dx
1 /L dx 2 /¥ dx
" Va2 + x? A xva*+ x?

1 1
| = dx . /7 dx
s / x2V/a? 4 x? 4 (a2 + xZ)%

In Problems 45-50, complete the square and make
an appropriate substitution (as necessary), then eval-
uate the integral.

/;d 6/;01
) Jerirre T Y Unrara

1 1
R I ./711
47 /x2+10x+29 S v sy P

1 1
49. /7 dx so. /— dx
VX2 +4x+3 Vx2—6x—16

: 1
51. The integral . / m dx arises when finding
antiderivatives using partial fractions.

(a) Evaluate this integral using an appropriate
trigonometric substitution.

(b) Now evaluate it using integration by parts.

(c) Which method is easier?

1
52. Evaluate/m dx.

8x
53. Evaluate/m dx.
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[ x
6 = arcsin 5

8.4 Practice Answers

1. For the pattern 25 + x2, use x = 5-tan(f) = dx = 5-sec?(9)df,
while § = arctan (E) and:
5

25 + x2 = 25 + 25 tan?(0) = 25 [1 + tanZ(e)} — 255ec?(9)

For x> — 13, use x = V/13sec(f) = dx = +/13sec() - tan(6)d6,
x
while 0 = arcsec | — | and:
( Y 13)

22 —13 = 13sec?(0) — 13 = 13 [sec 6) — 1} = 13 tan?(0)

2. x =5sin(0) = dx = 5cos(0) df, while 6 = arcsin (%) so:

25 — x> =25 {1 - sin2(9)} = 25cos?(6)

and the integral becomes:

5 [ cos(6)
5cos(0) db = f/ do
/ \/25cos2 5

:/1d9:9+C:arcsin(g)—l—C

[t

3. Use x = 3sin(0) = dx = 3cos(0) df while 6 = arcsin (g) and:

9-x2=9 [1 - sinz(G)} = 9cos?(6)

Then the integral becomes:

e L |
-3 cos(0) do
/ x2y/9 — x2 9 sin?( 9C052(9) (6)
3cos( /csc
27 sin?(8) cos( "9
1 1
=3 cot(f) +C = —g cot (arcsm (2)) +C
1 V9—x2
9 X +



8.5 Integrals of Trigonometric Functions

In the previous section, we learned how to turn integrands involving
various radical and rational expressions containing the variable x into
functions consisting of products of powers of trigonometric functions
of 6. An overwhelming number of combinations of trigonometric
functions can appear in these integrals, but fortunately most fall into
a few general patterns —and most can be integrated using reduction
formulas and integral tables. This section examines some of these

patterns and illustrates how to obtain some of their integrals.

Products of sin(ax) and cos(bx)

We can handle the integrals [ sin(ax) - sin(bx) dx, | cos(ax) - cos(bx) dx
and [ sin(ax) - cos(bx) dx by referring to the trigonometric identities
for sums and differences of sine and cosine:

sin(A + B) = sin(A) cos(B) + cos(A) sin(B)
sin(A — B) = sin(A) cos(B) — cos(A) sin(B)
cos(A + B) = cos(A) cos(B) — sin(A) sin(B)
cos(A — B) = cos(A) cos(B) + sin(A) sin(B)

By adding or subtracting pairs of identities, we can write products such
as sin(ax) cos(bx) as a sum or difference of single sines or cosines. For
example, by adding the first two identities, we get:

2sin(A) cos(B) = sin(A + B) + sin(A — B)
= sin(A) cos(B) = % [sin(A + B) 4 sin(A — B)]
Using this last identity (for a # b):
/sin(ax) cos(bx)dx = / % [sin ((a+Db)x) +sin ((a — b)x)] dx
1 [ cos((a+b)x) cos((a—b)x)
2

a+b B a—>b
The other integrals of products of sine and cosine follow similarly.

|+c

If a # b, then:
n((a—b)x) sin((a+b)x)
/sm(ux) sin(bx) d =3 { — e } LC
/cos(ax) cos(bx) dx = % { ( bb sin ({E“_:‘bb)x)} LC
/sm(ax) cos(bx) dx = _% {COS (é s bb)x) cos (ézz;—bb)x)} LC
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Integrals of functions of this type also
arise in other mathematical applications,
such as Fourier series.
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If a = b, we have already developed the relevant integral patterns:

"o _ x _ sin(2ax) _ x _ sin(ax) - cos(ax)
./sm (ax)clx—2 —a +C—2 % +C
’ _ x| sin(2ax) _ x , sin(ax) - cos(ax)
/cos (ax)dx—z—i-izm +C—2+ o +C
2
) _ sin”(ax) 1 —cos(2ax)
/ sin(ax) cos(ax) dx = 5 +C= 1 +C

The first and second of these integral formulas follow from the identities
sin?(ax) =  — } cos?(2ax) and cos?(ax) =  + 1 cos?(2ax). The third
can be obtained by changing the variable to u = sin(ax).

Powers of Sine and Cosine Alone: / sin”(x) dx or / cos” (x) dx

We can find antiderviatives of sin”(x) or cos” (x) using integration by
See Problems 25 and 26 from Section 8.2. parts or reduction formulas that we obtained using integration by parts.
For small values of n we can also find the antiderivatives directly.
For even powers of sine or cosine, we can reduce the exponent
by repeatedly applying the identities sin*() = 1 — 1 cos(26) and
cos?(0) = % + 4 cos(20).

Example 1. Evaluate / sin*(x) dx.

Solution. Applying the identity for sin?(6), we can write sin?(x) as:

[sinZ(x)}2 = E - ;cos(Zx)} : = % [1 —2cos(2x) + cosz(Zx)}

and integrating gives:

1
/sin4(x) dx = ZL/ [1 —2cos(2x) + cosz(2x)} dx
1 : x 1.
=1 {x —sin(2x) + 5tg sm(4x)} +C
3 1 . .
=g¥ 1 sin(2x) + - sin(4x) + C
using the formula for [ cos?(2u) du. <

Practice 1. Evaluate / cos*(x) dx.

For odd powers of sine or cosine we can split off one factor of
sine or cosine and rewrite the remaining even power using the iden-
tities sin?() = 1 — cos?(6) or cos?(#) = 1 — sin?(#), then integrate by
changing the variable.

Example 2. Evaluate / sin®(x) dx.
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Solution. First split off one power of sine, writing:

sin®(x) = sin*(x) - sin(x) = [sinz(x)}2 -sin(x) = {1 - cosz(x)rsin(x)

and then integrate, using the substitution u = cos(x) = du = — sin(x) dx:
2 2
/sin5(x) dx = / {1 — cosz(x)} sin(x) dx = —/ [1 - uz} du

—/[1—2u2+u4} du = — {u—2u3+1u5] +C

3 5

= —cos(x) + %COSB(X) - %COSS(X) +C

The reduction formula obtained in Problem 25 of Section 8.2 yields:

1 4 8
/sm (x)dx = 5 sin (x) cos(x) 15 i (x) cos(x) 15 cos(x) + K

which looks nothing like the result above, but these functions (aside

from the different constants of integration) are in fact equal. < You should be able to see this by graphing
the two functions, and prove this using
trig identities.

Practice 2. Evaluate / cos(x) dx.

Patterns for / sin™ (x) cos" (x) dx

For integrands of the form sin”(x) cos”(x), if the exponent of sine
is odd, you can split off one factor of sin(x) and use the identity
sin?(x) = 1 — cos?(x) to rewrite the remaining even power of sine in
terms of cosine, then change the variable using u = cos(x).

Example 3. Evaluate / sin®(x) cos®(x) dx.

Solution. First split off a power of sine, writing:

sin’(x) cos®(x) = sin(x) sin?(x) cos®(x) = sin(x) {1 - cosz(x)} cos®(x)

and then use the substitution # = cos(x) = du = — sin(x) dx:
/sin3(x) cos®(x) = /sin(x) [1 - cosz(x)} cos®(x) dx

:{_[1_#} u%u:/[uS—uﬂ du

1 1 1
=gt — Sl +C g cos (x) 7 cos (x)+C

You can verify this is the correct antiderivative by differentiating the
result and comparing it to the original integrand. | You may need to use some trig identities.

Practice 3. Evaluate / sin®(x) cos?(x) dx.
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See Problems 27 and 28 in Section 8.2.

If the exponent of cosine is odd, split off one cos(x) and use the
identity cos?(x) = 1 — sin?(x) to rewrite the remaining even power of

cosine in terms of sine. Then use the change of variable u = sin(x).

If both exponents are even, use the identities sin’(x) =  — 1 cos(2x)

and cos?(x) = 1 + J cos(2x) to rewrite the integral in terms of powers
of cos(2x), then proceed by integrating even powers of cosine.

Powers of Secant or Tangent Alone
You integrate any power of sec(x) and tan(x) by knowing that:
/‘ sec(x) dx = In (|sec(x) + tan(x)|) + C
and /tan(x) dx = In (|sec(x)|) + C

and using the reduction formulas:

1 n—2
n _ n—2 . e n—2
/sec (x)dx = T Sec (x) - tan(x) + 1 | sec (x)dx
and /tan”(x) dx = . i 7 tan" "1 (x) — /tan”_z(x) dx

Example 4. Evaluate / sec?(x) dx.

Solution. Using the first reduction formula with n = 3:

/secB(x) dx = %sec(x) -tan(x) + % /sec(x) dx
1 1
=5 sec(x) - tan(x) + 3 In (|sec(x) + tan(x)|) + C
You could also write sec®(x) = sec(x) - sec’(x) and work out this
integral directly using integration by parts. <

Practice 4. Evaluate / tan®(x) dx and / sec’(x) dx.

Patterns for / sec™ (x) tan" (x) dx

The patterns for evaluating [ sec™(x) tan”(x) dx resemble those for
J sin™(x) cos” (x) dx: we treat the even and odd powers differently and
we use the identities tan?(6) = sec?(6) — 1 and sec?(#) = tan?(6) + 1.

If the exponent of secant is even, factor off sec?(x), replace the other
even powers (if any) of secant using sec?(x) = tan?(x) + 1, and then
make the change of variable u = tan(x) = du = sec?(x) dx.

If the exponent of tangent is odd, factor off sec(x) tan(x), replace
any remaining even powers of tangent using tan?(x) = sec?(x) — 1, and
then make the change of variable u = sec(x) = du = sec(x) tan(x) dx.
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If the exponent of secant is odd and the exponent of tangent is
even, replace the even powers of tangent using tanz(x) = secz(x) -1
Then the integral contains only powers of secant, and you can use the
strategy for integrating powers of secant alone.

Example 5. Evaluate / sec(x) tan®(x) dx.

Solution. Because the exponent of secant is odd and and the exponent
of tangent is even, we can use the last method mentioned above and
replace tan?(x) with sec?(x) — 1. Then:

/sec(x) tan?(x) dx = /sec(x) [secz(x) - 1} dx = /sec3(x) dx — /sec(x) dx

= 1sec(x) -tan(x) + %ln (|sec(x) + tan(x)|) — In (|sec(x) + tan(x)|) + C

2
1 1
=3 sec(x) - tan(x) — 5 In (|sec(x) + tan(x)|) + C
where we used the result of Example 4 for [ sec?(x) dx. <

Practice 5. Evaluate / sec*(x) tan?(x) dx.

Wrap-Up

Even if you use integral tables (or computers) for most of your fu-
ture work, it is important to realize that most of the integral patterns
for products of powers of trigonometric functions can be obtained us-
ing some basic trigonometric identities and the techniques we have
discussed in this and earlier sections.

8.5 Problems

In Problems 1-36, evaluate the integral. (More than 15, sin?(3x) cos?(3x) dx 14.

one method works for some of the integrals.)

sin®(x) cos?(x)dx  16.

/

. /smz<3x>dx o [eosznin s [

o [ g [Lataw d L agoa s [endaods
/
/
/

7T

sin 6.

7T

cos*(5x) dx

U1
S—
S—

n’(4x) dx 20. 3 (4x) dx

Bl

s
sin®(7x) dx
21. ?(5x) tan(5x) dx 22.

sin(7x) cos(7x)dx  10. | sin(7x)cos?(7x) dx

11. c®(5x) tan(5x) dx 24.

— Y Y S — o~
& & 8 g

©
\\%
\\c\

sin(7x) cos®(7x) dx 12. [ sin®(7mx)cos(mtx)dx  23.

sin?(7rx) cos® (7rx

599

)dx

sin?(x) cos’ (x) dx

?(5x) tan?(5x) dx

®(5x) tan?(5x) dx
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25.

27.

29.

31.

33-

35-

37-

38.

sec() tan(6) do 26.

/ /

/sec4(0) tan*(9)d6  28. /sec4(0) tan?"1(9) do
/ sin?(x) iy 30. /

/ cos*(f) tan*(0)d6 32 / cos*(6) tan?(0) d6
/. sin(x) cos(3x) dx 34. / sin(7x) cos(3x) dx
/sin(x) sin(3x) dx 36. /cos(7x) cos(3x) dx
Show that if n is a positive, odd integer, then:

27T
/ sin(x)dx =0
Jo

Using integral tables or reduction formulas, it is
straightforward to show that:

27
/ sin?(x) dx =
0

T

() = 2
/Osm(x)x—in

3

4

27
Evaluate / sin®(x) dx, then make a prediction
0

about the value of fozn sin'?(x) dx and evaluate
that integral.

The definite integrals of various combinations of

sine and cosine on the interval [0, 27t] exhibit a num-

ber of interesting patterns. For now, these are sim-

ply curiosities and a source of additional practice

problems, but the patterns are very important as

the foundation for an applied topic, Fourier series,

which you may encounter in more advanced courses.

Problems 39—41 ask you to show that the definite

integral on [0, 27t] of sin(mx) multiplied by almost

any other sin(nx) or cos(nx) is 0. The only nonzero

value comes when sin(mx) is multiplied by itself.

40.

41.

. Show that if m and n are integers with m # n,

then:
27
/ sin(mx) - sin(nx)dx =0
0

Show that if m and n are integers, then:
27
/ sin(mx) - cos(nx) dx =0
0

(Consider m = n and m # n separately.)

Show that if m # 0 is an integer, then:

27T
/ sin(mx) - sin(mx) dx = 7
0

Problems 42—47, concern the following function

P(x), a trigonometric polynomial:

P(x) = 5sin(x) + 7 cos(x) — 4 sin(2x)
+ 8cos(2x) — 2sin(3x)

In Problems 42—45, use the results of Problems 39—41

to quickly evaluate each integral.

42.

43.

44.

45.

46.

47.

1 2

a; = %/0 sin(1x) - P(x) dx
1 2

ap = %/0 sin(2x) - P(x) dx
1 2

az = ;/0 sin(3x) - P(x) dx

27
ay = %/0 sin(4x) - P(x) dx

Describe how the values of a; in Problems 42—45
are related to the coefficients of P(x), then make
up your own trigonometric polynomial Q(x) and
see if your description holds for the a; values
calculated from Q(x).

Just by knowing the a; values we can “rebuild”
part of P(x). Find a similar method for getting the
coefficients of the cosine terms of P(x): by = ??



8.5 Practice Answers

1. Using cos?(8) = § + % cos(26), we can write cos*(x) as:

[cosz(x)}2 = B + ;COS(ZX):|2 = le {1 +2cos(2x) + cos2(2x)}

and integrating gives:
1
/Cos4(x) dx = i / [1 +2cos(2x) + COS2(2X)} dx

= i [x +sin(2x) + % + Elgsin(élx)} +C

3 1. 1
=g¥ + 1 sin(2x) + ) sin(4x) +C

2. First split off one power of sine, writing:

cos®(x) = cos*(x) - cos(x) = |:COS2(X)}2'COS(X) = {1 — sinz(x)rcos(x)

and then integrate, using u = sin(x) = du = cos(x) dx:

2

/cos5(x) dx = / {1 — sinz(x)rcos(x) dx = [1 - uz} du

2 15
—/ 2u+u du—[ 3u+5] +C

1
= sin(x) — = sin’(x) + 5 sin®(x) + C

3. First split off a power of sine, writing:
sin®(x) cos*(x) = sin(x) sin?(x) cos*(x) = sin(x) [1 - cosz(x)} cos*(x)
and then use the substitution u = cos(x) = du = — sin(x) dx:

/sine’(x) cos*(x) = /sin(x) [1 - cosz(x)} cos* (x) dx

= [t [ ]

1

ls ~_1_ 7 L
; S +C—7cos (x) cos’(x) +C

5
4. For the first integral, write:
tan®(x) = tan(x) - tan?(x) = tan(x) [sec (x) — 1}
so that the integral becomes:
/tan3(x)dx = / {tan(x) sec?(x) —tan(x)} dx
= %tanz(x) —In (|sec(x)|) +C

= %tanz(x) +In (|cos(x)|) +C

INTEGRATION TECHNIQUES
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For the second integral, use the reduction formula (twice):

/sec5(x) dx

5. First write:

1secs(x) tan(x) + Z /sec3(x) dx

4
%sec3(x) tan(x) + 2 B sec(x) tan(x) + % /sec(x) dx]

1 3
1 sec’(x) tan(x) + 3 sec(x) tan(x)

+ %ln (|sec(x) + tan(x)|) + C

sect(x) tan?(x) = sec?(x) - sec?(x) - tan?(x)

= sec?(x) [1 + tanz(x)} tan?(x)

and then use the substitution u = tan(x) = du = sec?(x) dx:

/sec4(x) tan®(x) = / [1 + uz] u? du = / [uz + uﬂ du

1 1 1 1
= §u3 + gu5 +C=3 tan®(x) + z tan®(x) 4+ C



8.6 Integration Tactics

This section, currently in preparation, will be included in the official
first printing of this edition. It will present a review of the integrations
tactics presented earlier in the chapter, outline strategies for selecting an
appropriate integration method to attempt to find an antiderivative of
a given integrand, explore some more advanced (optional) integration
techniques, and include integrands involving hyperbolic and inverse
hyperbolic functions.

For the problems starting on the next page, use any integration
technique you have learned so far to evaluate the given integrals.

INTEGRATION TECHNIQUES
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8.6 Problems
1. / V1—xdx 2. /(1 +2x)2017 dx
4. /x\/l—xdx 5. /\/a+bxdx
X 2 9)
7. / —dx ) sec”(
1—x* 8 1+ tan(0) 49
2 3
Y 2 2\ 2
10. / dy as —x3
VI-y 11. / (1) dx
x3
2
. — d
3 / (Va—va) dx R - 4x
2x — 1 X —e X
16. m dx 17. / m dx
L /x3—x2+2x—1dx 2. / sec?
% 1+x2 \/1—|—tan
1 sin(20)
.| = dt | ———
> el » / a+ bcos(20) 40
sin(6) / 1
25. / 0 () dae 26. yps dx
x+1 x?+x
28. / x2 T4 dx 29. / m dx
" , sin(3a) N
3| A 2 1y cos?(3a)
1 X
34. / ——dx 35. / ——dx
x [1 + (1n(x))2] (1+22)
37. /x2 arcsin(x) dx 38. /ttanz(t) dt
40. / x>V a2 — x4 dx 41. /cos(G) -In (sin(6)) d6

. x2 p . yS p
. — ax . —
43 /(1+x2)2 44 / 5y y

3. /x\/zzz2 —xZdx

1
R
6 /1+4x2 :

A+ 41
0. [ 5

dx
3

12. / 47)(2 dx
(a2 - 22)

de
15. —aX
5/m

18. %/(6% —e*§)2

x3 —5x+7

s [ S

24 /1+sin((p) a¢

Y
27 ./1—2x+2x2 x

ey
. —d
so. [ 2y
/‘#dx
3 Va1 —x

36. /x20171n(x) dx
39. /x3\/ a2 — x2dx

2
42. /x73dx
(9 —x2)2

45. 1+xdx

dx



46.

49.

52.

55-

61.

64.

67.

70.

73

79-

82.

85.

88.

91.

94.

1

1-x
/ezx sin (e*) dx

/ cos (\/E) dt

x3

— X

d
2+ 3x *

/G

A

x2

dx

. /sin2(2g0) cos(2¢) de

dx

47

50.

53

56.

59.

62.

65.

68.

71.

74-

77

8o.

83.

86.

89.

92.

95-

x+3

V1+ 2x
/x3e"2 dx

/xzmmc

/xcos(3x) dx

/

1—e"*
1+e>

1

x2 4+ 8x+20

dx

dx

S
J—
V1—xb

/ en(0) sec?(9) do

1+ x2

X+X

Viea

)

arctan(x

14 x2

x—x2

dx

dx

/x(a—x)% dx

/

[ Favs

/

/
/

e
T3 9¥

dx

2x2+x—1
—4x —4

x3 + x2

1

3 — 12

14

xB4+2x2 —x -2

dx

dx

dx
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X
8. / dx
¥l )

3
x
1. | ———dx
> /(a2+x2)2

sec? tan

S \/1—|—tan

>d6

o [Hcos(g)rm(@

1
60. /m dx

63. / cot() - In (sin(6)) d6
66. /ezx V1—e2xdx

3 2
/x +x+xdx

69.
9 X249

3
x
72. /7(136
(1-22)?
75. /eﬁdx
8 [ (+e) dn
1
81. /x2—6x+10dx
8. / Vitin() o
x
87. /xSe*"3 dx
Cox
oo [ 17
3t
Ny

x3—1

2

605

)de
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97-

100.

103.

106.

109.

112.

115.

118.

121.

124.

127.

130.

133.

1
/ (x2+x)(x—1)2 ax

/’ x2 +4x+10
x3 4+ 2x2 + bx

2
X
—d
./25—x4 X
—d
/x3+x2+4x+4 X

1

/ tan(6) — cot(6) 49

-8 1 d
/0 1+ /x g
3 x

d
/21—9(4 X

" x
——dx
/ Vax — x?

s

| cos (29) cos (5¢) de
/ tan(x)/sec(x) dx

[ e sinh(x) dx

/ sech(x) dx

/xargsinh(x) dx

98.

101.

104.

107.

110.

113.

116.
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8.7 MacLaurin Polynomials

In this chapter you have learned to find antiderivatives of a wide variety
of elementary functions, but many more such functions fail to have
an antiderivative that can be expressed in terms of other elementary
functions. By this point, you should easily be able to find antiderviatives
for sin(x), x - sin(x), x - sin(x?) or x - e~*", but no matter how hard you
try, you won’t be able to find antiderivatives for sin(x?), sin(x3) or e

In Section 2.8, you used linear approximations (tangent lines) to
approximate values of complicated functions. In this section, we will in-
vestigate how to use polynomials —slightly more complicated, but still
relatively “nice” functions— to approximate integrands such as sin(x?)
and then approximate values of definite integrals such as fol sin(x?) dx.
This approach will motivate the exploration of many of the concepts to
follow in the next two chapters.

Polynomials

Consider any (non-vertical) line: if you know its y-intercept, b, and its
slope, m, you can write down an equation of the line: y = b + mx. If
we write y = f(x), then f(0) =b+m-0 = 0b and f(0) = m, so an
equation of any linear function is completely determined by its value at
x = 0 and the value of its first derivative at x = 0. It turns out that if
you know the values of any polynomial P(x) and all of its derivatives
at x = 0, you can use those values to find a formula for P(x).

Example 1. If P(x) is a cubic polynomial with P(0) = 7, P/(0) = 5,
P"(0) =16 and P"’(0) = 18, find a formula for P(x).

Solution. Because P(x) is a cubic polynomial, we can write it as:
P(x) = A+ Bx + Cx* 4 Dx°

for some numbers A, B, C and D. We know that P(0) = 7, and
substituting x = 0 into the formula above tells us that P(0) = A, so
A =7. We also know that P’(0) = 5, while:

P'(x) = B4+2Cx+3Dx* = P'(0) =B
so B = 5. Similarly, we know that P (0) = 16 while:
P’(x) =2C+3-2Dx = P"(0) =2C
0 2C =16 = C = 18 = 8. Finally, we know that P""/(0) = 18 while:
P"(x)=3-2-D = P"(0)=6D = 6D=18 = D =3

Therefore P(x) = 7 + 5x + 8x2 + 3x3. (You should verify that this cubic
polynomial and its derivatives have the values specified above.) <
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An elementary function is a function that
can be expressed using a finite number
of compositions or combinations of expo-
nential functions, logarithms, trigonomet-
ric and inverse trig functions, polynomi-
als and constants, using sums, products
and exponentiation.

Proving that you can’t find elementary
antiderviatives of integrands such as
sin(x?) turns out to be quite complicated.

Because P(x) is a cubic, its derivatives of
order four and higher are all 0.
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We call this expression k! “k factorial,”
defined for any positive integer k.

Practice 1. If P(x) is a fourth-degree polynomial with P(0) = 3,
P'(0) = 4, P"(0) = 10, P”’(0) = 12 and P®(0) = 24, find a formula
for P(x).

Now consider a general polynomial of order 5 with coefficients ag,

ai, az, az, dg, as:
P(x) = ag + a1x + ayx® + a3x® 4 agx* + asx®
Observe that P(0) = ag and then differentiate to get:
Pl(x)=ay+2-ayx +3-a3x> +4-a;x° +5- asx*

Putting x = 0 into this new equation tells us that P’'(0) = a;. Differenti-
ating again yields:

P'(x)=2-ay+3-2-a3x+4-3-a4x* +5-4-a5x°
so that P”(0) = 2 - a. Differentiating again:
P"(x)=3-2-a3+4-3-2-a4x+5-4-3-asx’

so that P/ (0) = 3 -2 - a3. Continuing this process, P*)(0) =4-3-2-a4
and P®)(0) = 5-4-3-2-as. In general, we can write P(X)(0) = k! - ay,
where:
K=k (k—=1)-(k—2)---3-2-1

and k =1, 2, 3, 4 or 5. If we define 0! = 1, then the equation pk) (0) =
k! - a; holds for k = 0 as well (the 0-th derivative of a function is just
the function itself). And for any integer k > 6, a4, = 0 and p®) (x) =0,
so for any integer k > 0 we have:

pk) (0)
k!

POO) =kl ap = ap =

Practice 2. If P(x) is a fourth-degree polynomial with P(0) = 3,
P'(0) = 4, P"(0) = 10, P""(0) = 12 and P (0) = 24, find a formula
for P(x) using the above formula, then compare with your answer to
Practice 1.

There was nothing special about the degree n = 5 of the polynomial
P® (0)

in the preceding discussion. The formula a; = k'

holds for any

polynomial of the form:
P(x) =dag+ a1x +ﬂ2x2 +ﬂ3x3 44 an—lxn_l + anx”

And there was nothing special about the “base point” x = 0: we can
develop similar formulas if we know the values of a function and all of
its derivatives at x = 1 or x = —3 or x = /7 (but we'll stick with x = 0
for now, to keep things simple).



Using Polynomials to Approximate Functions

Given any function f(x), we know that a tangent-line approximation
to this function at x = a is:

L(x) = f(a) + f'(a) - (x — a)

If 2 = 0, this becomes L(x) = f(0) + f/(0) - x. For f(x) =%, f(0) =1
and f'(x) = e* = f/(0) =1, s0 L(x) = 1+ x (see margin for a graph
comparing L(x) and f(x)). For values of x very close to 0, we can see
that L(x) = 1+ x =~ ¢¥ = f(x) is a decent approximation, but for values
of x not close to 0, we need a better approximation.

For the linear approximation L(x), its O-th derivative agrees with the
0-th derivative of f(x) at x = 0: L(0) = 1 = ¢* = f(0). Likewise, the
first derivatives agree at x = 0: L'(0) = 1 = ¢* = f/(0). But the second
derivatives do not agree: L”(0) = 0 # 1 = ¢” = f”(0). Can we find
a reasonably simple function whose 0-th, first and second derivatives
at x = 0 match those of f(x) = e*? The next simplest function after a
linear function is a quadratic function, so let’s try Q(x) = A + Bx + Cx?,
for which Q'(x) = B+ 2Cx and Q”(x) = 2C. We need:

so Q(x) = 1+ x + 3x* (see margin for a graph of Q(x) and f(x)).
While L(x) did a decent job of approximating f(x) = e* on the interval
[—0.2,0.2], our quadratic approximation Q(x) appears to do a nice job
on the interval [—1, 1], but could we do better?

A cubic polynomial is not much more complicated than a quadratic,
so let’s look for something of the form P(x) = ag + ayx + ax? + azx®.
We want derivatives 0 through 3 of our polynomial to match derivatives

0 through 3 of the function f(x) = e*. We know that:
fr)=¢e" = fllx)=¢" = f'x)=¢" = f'(x)=¢"

so that f(0) =1, f/(0) =1, f/(0) =1 and f"'(0) = 1. We therefore
need P(0) =1, P’(0) =1, P”(0) = 1 and P"”’(0) = 1. From our work

. . . . P®)(0)
earlier in this section we know this requires that a;, = fork =0,

k!
1, 2 and 3. Thus:
P(0) 1
w=or 170
P 1
a) = (0) =-=1
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Named after Scottish mathematician
Colin MacLaurin (1698-1746).

3 5

X~ x
il T
315

az P,/(O)_Lzl
2! 21

. _P’”(O)_ 1 _1

3773 T 321 6

which tells us that P(x) =1+ x + 1x2 +1 x (see margin for a graphs
of P(x) and f(x))

quite well on an even bigger interval.

X

. This polynomial appears to approximate f(x) =

Could we do even better? You may notice a pattern in our work
above. If we used a fourth-order polynomial, then we would also need:

PWO) _fWo) 1 1

MTTA T 4 Ti321 24
soP(x) =1+x+ 3x24 tx3
In general, for any positive integer 1, we would have:

+ 21—4x4 would approximate e* even better.

e* 1+x+lx +lx+1 + —i—lx”
~ PR TR T n!
We call this a MacLaurin polynomial of order n for f(x) = e*.
Example 2. Find a MacLaurin polynomial with three nonzero terms
for f(x) = sin(x).

Solution. We want to find a polynomial of the form:

P(x) =ap+ mx +u2x2 +a3x3 NI an,lx”” e

so that P(K)(0)
f(x) =sin(x) = f'(x) = cos(x) = f"(x) = —sin(x)
= f"(x) = —cos(x) = f¥(x) = sin(x)
and that this pattern then repeats. This tells us that:
£0)=0, f(0) =1, f'(0) =0, f(0) = —1, f¥(0) =0, f*(0)

so that P(0) = f(0) = 0, P'(0) = f'(0) = 1, P"(0) = f"(0)
P"(0) = f"(0) = —1, PW(0) = f#(0) = 0 and PO (0) = f®)(0) =
“@

=f (k) (0) for three nonzero values. We know that:

yields:

Using the formula a; =

P 0 1 0 -1 0 1
(x) = &—i—ix—i—gx +?x +4x —|—5

so that P(x) = x — gx + mx should do the job. (See the margin for
a graph of this polynomial compared to sin(x).) <

Practice 3. Find a MacLaurin polynomial with five nonzero terms for
f(x) = sin(x).
Practice 4. Find a MacLaurin polynomial with three nonzero terms for

f(x) = cos(x).



Applications of MacLaurin Polynomials

In Section 7.6, we developed a concrete definition of the exponential
function exp(x) = e*, but this definition did not provide us with a
useful way to compute values of ¢* (other than ¢’ = 1). To estimate

the value of e = ¢!

using the definition of e¢*, we would need to use
the numerical techniques of Section 4.9 to evaluate L(b) = 1b % dt for
various values of b until we found a value for which L(b) ~ 1.

In this section, however, we have found polynomials that closely
approximate e*, so we can evaluate one of these polynomials at x =1

to approximate e:

1 1 1 1 1
_ 1 12 .13 14 .15 .16 ~
e=e Nl—l—l—i—Z! 1—1—3! 1+4! 1—|—5! 1+6! 1° ~ 2.178

Using higher-degree MacLaurin polynomials for e* will result in even
better approximations of e.

1
Practice 5. Use a MacLaurin polynomial to approximate " and +/e.

Practice 6. Use a MacLaurin polynomial to approximate sin(1) and

compare you approximation to what your calculator reports for sin(1).

In Section 4.9, we learned various numerical integration techniques to
approximate values of definite integrals. With enough computing power
available, techniques such as the Trapezoidal Rule and Simpson’s Rule

allow you to approximate values of definite integrals such as / e dx
0

1
or / sin(xz) dx (for which it is impossible to use the Fundamental

Theorem of Calculus unless we can think of an antiderivative of the
integrand). Unfortunately, these approximation methods require you

(or a computer) to evaluate the integrand at many different values of x.

Now that we know how to approximate transcendental functions with
polynomials, we might first approximate a complicated integrand with
a “nice” polynomial and then integrate the polynomial instead of the
transcendental function.

1
Example 3. Approximate the value of / e dx.
0

2
* so we

Solution. We don’t know how to find an antiderivatve for e~
can’t use the Fundamental Theorem of Calculus. But we already know
a MacLaurin polynomial for e*:

1 1 1 1
el fut —u?+ —ud —ut 4

2! 3! 4! 5!
into which we can substitute u = —x? to get:

—x2 2, 14 1, 1 3 1 19
~1-— —x* == —x° = —
¢ R R YR LT
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8.7 Problems

In Problems 1-6, P(x)

mial, with the values of P(0) and P’'(0
A and B and then write a formula for P(x).

1. P(0)=5P(0)=3 2. P(0)

3. P(0) =4, P'(0) = —1

5. P(0)=4,P'(0)=0 6. P(0)

= Ax + B is a linear polyno-

and use this polynomial to approximate the integrand:

1 2 1 1 1 1 1
=Xy ~o 1— 2 Y - .8~ 10 d
/Oe X /0[ x +2x 6x +24x 120x x
_ loy1s 17,1 0 nh
_{x 37 10" T Y Tt T 1m0t |,
1 1 1 1 1
e c b A 0.7467
3+10 42+216 1320 0-746

The Trapezoidal Rule with n = 25 yields a similar approximation, but

requires many more computations. <

1
Practice 7. Approximate the value of / sin(x?) dx.
0

How Good Are These Approximations?

Section 4.9 included (without proof) error bounds for the Trapezoidal
Rule and Simpson’s Rule that provided guarantees for how closely
the results of these numerical methods approximated the exact values
of the integrals we were trying to compute. We can—and will —
state (and prove) a similar error bound for the MacLaurin polynomial
approximations we have learned how to use in this section, but we will
defer that discussion until Chapter 10.

11. P(0) =8, P'(0) =5, P”(0) =10
) given. Find 12. (0) ( ) O P//(o) = 4
13. P(0) = —3, P'(0) = —2, P"(0) = 4
-2, P(0)=7 14 If P(x) = A+ Bx + Cx?, how are the values of A,

B and C related to P(0), P'(0) and P”(0)?

4. P(0)=8,P'(0)=5

In Problems 15-20, P(x) = A+ Bx + Cx*> + Dx?is a
cubic polynomial, with values of P(0), P’(0), P”(0)
and P"’(0) given. Find the values of A, B, C and D,

—3,P'(0) = —2

7. If P(x) = A + Bx, how are the values of A and B and then write a formula for P(x).
related to the values of P(0) and P'(0)?
P(x) = 15. P(0) =5, P'(0) =3, P”(0) =4, P”'(0) =6

In 8-13, A+ Bx + Cx? is a quadratic poly- , ” "

nomial, with values of P(0), P’(0) and P”(0) given. 16. P(0) = =2, P'(0) =7, P"(0) = 6, P"/(0) =18
Find A, B and C, then write a formula for P(x). 17. P(0) =4, P'(0) = -1, P"(0) = -2, P"'(0) = —12
8. P(0)=5,P'(0)=3,P'0) =4 18. P(0) =8, P'(0) =5, P"(0) = 10, P"(0) = 12

9. P(0) = —2, P'(0) =7, P"(0) = 6 19. P(0) =4, P'(0) = 0, P"(0) = —4, P""(0) = 36
10. P(0) =4, P'(0) = —1, P"(0) = —2 20. P(0) = —3, P'(0) = —2, P"(0) = 4, P"(0) = 36



21. If P(x) = A + Bx + Cx? 4+ Dx3, how are the val-
ues of A, B, C and D related to the values of P(0),
P'(0), P”(0) and P"(0)?

In Problems 22-28, fill in the table below for f(x)
and P(x), then graph f(x) and P(x) for =2 < x < 2.

x f(x) P(x) |f(x) - P()|
0.0
0.1
0.2
0.3
1.0
2.0
. 1 3
22. f(x) =sin(x), P(x) = x — 73"
. 1 1
23. f(x) =sin(x), P(x) = x — ﬁx3 + mxS
24. f(x) =cos(x), P(x) =1— %xz
25 f(x) = cos(x), P(x) =1 26 + 5o
26. f(x)=¢* P(x)=14+x+ %xz

8.7 Practice Answers
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27. f(x) =€, P(x) = 1+ x+ 322 + 5523
28. f(x) = %, P(x) = 1+ x+ 322 4 ox® 4 1 x4

In 29-38, find a MacLaurin polynomial with four

nonzero terms that approximates the given function.

29. e 30. sin(2x)
1 1
S S
33. In(1+x) 34. V1+x
35. cos (x?) 36. e
37. x> -sin (x?) 38 x-e ¥

In 39—42, use a MacLaurin polynomial with four
nonzero terms to approximate the value of the defi-
nite integral.

39. /01 sin <x3> dx 40. /(;
1 1

2 _.3 L 3
41,/0€’fdx 42./0x sm(x)dx

Nl—=

cos (x2> dx

1. With P(x) = A + Bx + Cx? + Dx3 + Ex*, P'(x) = B+2Cx +3Dx? +
4Ex® = P"(x) = 2C + 6Dx + 12Ex? = P"(x) = 6D + 24Ex =
PW(x) =24Es03=P(0) = A= A=3,4=P(0)=B=B=4,
10 = P"(0) = 2C = C = 5,12 = P”(0) = 6D = D = 2 and
24 = PM(0) = 24E = E = 1, hence:

P(x) = 3+ 4x + 5x* +2x° + x*

P
2. With P(x) = ag + ayx + arx? + azx® + agx*, ag = é?) = % =3,
P'(0) 4 P"(0) 10 P”(0) 12
T (21:4’“2: 2 T YT T 7
PH(0) 24 _
anda4=T:ﬂ:1so.

P(x) = 3 +4x + 5x* 4+ 2x° + «*

which agrees with the result of Practice 1.
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Notice that differentiating the result of
Example 2 yields the same result.

. Continuing with the differentiation process from Example 2:

) (x) = cos(x) = FO(x) = —sin(x) = f7)(x) = — cos(x)
= f®(x) = sin(x) = F*)(x) = cos(x)

so that £(©)(0) = 0, f7)(0) = —1, f®)(0) = 0 and £ (0) = 1. Hence
-1 1 0 1
ﬂ6:TZO,Q7:ﬁ:—M,ang!zoandﬂgz52362880,
yielding the polynomial:
15 1 5 1

P(x)=x——x"+ —x

_ N L
6% T120° ~ 5040

362880

7 +

. Differentiating f(x) = cos(x) yields f'(x) = —sin(x) = f"(x) =

—cos(x) = f"(x) = sin(x) = f®(x) = cos(x) so that f(0) =1,
f(0) =0, f'(0) = =1, f”(0) = 0 and f*(0) =1, hence ay = 1,
a1 =0,a, = 5—,1 = —%, a3 = 0 and a4 = % = 21—4. A MacLaurin
polynomial is thus:

_o 1o 1y
P(x)=1 5% +ﬂx

. Using the MacLaurin polynomial for e* from the discussion preced-

ing Practice 5 with x = —1 yields:

1 (12 (-1° (=D (=17 (-1
:1_1+1_1+1_L+L—E%0_368

2 6 24 120 720 144
while using x = % approximates /e = o2 by:
R AATE A AR NE AN NS AR N A
2 21\2 31\2 41\ 2 51\ 2 6! \2
1 1 1 1 1

1
=1t 3t 5 38" 38 " 3830 " 600 ~ 0872

. Using the result of Practice 3:

sin(l)"*l—l—i-i—i !
- 6 120 5040 @ 362880

which agrees to five decimal places with 0.8414709848.

~ 0.8414710097

. Substituting u = x? into the MacLaurin polynomial from Practice 3

yields:

2

1o 1 w0 1 14 T 18
6 T120% " 5040" T 3628807

Integrating this polynomial from x = 0 to x = 1 yields:

sin(x?) ~ x

1
o 1y, 1o 1 -

3 42 13207 75600 6894720 0
which evaluates to (approximately) 0.3102683028.

x5
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