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13.2 LIMITS AND CONTINUITY

Our development of the properties and the calculus of functions z =f(x,y) of two (and more) variables
parallels the development for functions y =f(x) of a single variable, but the development for functions of
two variables goes much quicker since you already understand the main ideas of limits, derivatives, and
integrals. In this section we consider limits of functions of two variables and what it means for a function
of two variables to be continuous. In many respects this development is similar to the discussions of limits
and continuity in Chapter One and many of the results we state in this section are merely extensions of
those results to a new setting. It may be a good idea to spend a little time now in Chapter One rereading the

main ideas and results for limits of functions of one variable and reworking a few limit problems.

The main focus of this section is on functions of two variables since it is still possible to visualize these
functions and to work geometrically, but the end of this section includes extensions to functions of three

and more variables.

Limits of Functions of Two Variables lim f(x)=L

When we considered limits of functions of one variable, lim f(x) , we were
x—a

interested in the values of f(x) when x was close to the point a in the domain

of f (Fig. 1), and we often read the symbols "x—a" as "x approaches a."

For the limit of function of two variables, lim  f(x)y) , weare Fig. 1

(x.y)—>(ab)

interested in the values of f(x,y) when the point (x,y) is close to the point (a,b) in the domain of f (Fig. 2).

Definition:
zZ
. . . . lim f(x)=L
Let f be a function of two variables defined for all points "near" (a,b) f(x,y) 4~ xy)—>(@ab)
but possibly not defined at the point (a,b). We say the \\

z=f(x,y)

limit of f(x,y) as (x,y) approaches (a,b) is L, written as

lim f(xy)=L,

(x.y)—>(ab) /
a
- | |~ y

if the distance from f(x,y) to L, | f(x,y) — L |, can be made arbitrarily X -~ et

small by taking (x,y) sufficiently close to (a,b), Fig. 2 (ab)

(if V (x-a)” + (y=b)> =1{x=a,y=b ) I is sufficiently small ).
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All of the limit properties in the Main Limit Theorem (Section 1.2) are also true for limits of functions of

two variables, and many limits of functions of two variables are easy to calculate.

. X
Example 1:  Calculate the following limits: (a) lim 2—}]2
(xy)—>(12) x“+y

®  lim  cos(xy?) + = Jyr 6 ©  lim xZ—y?
(x,y)—(0,2) (x,y)—(5.3)
Soluti (a) lim Xy 12 2
olution: a — - =
(c)—(2) x24y2 U2 77
. 2. Xx+6 0+6
(b) lm  cos(xy”) + = cos(02) + =5 =4
(x,y)—(0,2)
©  lim  AxZ—y% = ¥52-32= 16 =4
(x,y)—(5.3)
. L . Xy
Practice 1: Calculate the following limits: (a) lim > 5
xy)—>@Gl) x7 -y
(b) lim  cos(x’y) + ;%? © lim x> —y>
(x,y)—(0,2) xy)—@3.2)

At the end of this section we consider some examples of more complicated situations with functions whose

limits do not exist. And we also extend the idea of limits to functions of three or more variables.
Continuity of Functions of Two Variables

A function of one variable is continuous at x =a if lim f(x) = f(a). Geometrically that means that the graph
X—a

of f is connected at the point (a,f(a) ) and does not have a hole or break there (Fig. 3). The definition and

meaning of continous for functions of two variables is quite similar.

lim f(x) = f(a)

Definition: fx) 4 f is continuous at x=a

A function of two variables defined at the point (a,b) and for all

points near (a,b) is

continuous at (a,b) if lim  f(x,y) =f(ab). (Fig. 4)

(x.y)—=>(a.b)

Fig.3
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And just as we talked about a function of one variable being

. lim  f(x)=fGab)

continuous on an interval (or even on the entire real number line), (xy)=@b)
f(x,y)~_ fis continuius at (a,b)
we can talk about a function of two variables being continuous h

on a set D in the xy—plane or even on the entire xy—plane.

Definition:

If a function of two variables is continuous at every

point (a,b) in a set D, we say that the function is X

continuous on D.

Most of the functions we will work with are continuous either everywhere (at all points (x,y) in the plane)

or continuous everywhere except at a "few" places.

* A polynomial function of two variables is continuous everywhere, at every point (X,y).
* A rational function of two variables is continuous everywhere in its domain (everywhere except
where division by zero would occur).

e If f(x,y) is continuous at (a,b), then sin( f(x,y) ), cos( f(x,y) ), and ef(x,y)

are continuous at (a,b).
e More generally, if f (a function of two variables) is continuous at (a,b) and g (a function of one

variable) is continuous at f(a,b), then g( f(x,y)) = gof (x,y) is continuous at (a,b).

Geometrically "f(x,y) is continuous at 3

(a,b)" that means that the surface graph of T 1+(x-2) )y -3) z =sin( Xy )
f is connected at the point (a,b, f(a,b) )
and does not have a hole or break there.
Fig. 5 shows the surface graphs of several

continuous functions of two variables.

Similar definitions and
results are used for functions of three or

more variables. XL

N

RS T
Ay ,': !
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y .
1
Limits That Do Not Exist T ] ¢
X— ]
fo=——51
Most of the functions we work with will have limits and will be | ! Fx
2
continuous, but not all of them. A function of one variable did not :
have a limit if its left limit and its right limit had different values =1 ?
(Fig. 6). Similar situations can occur with functions of two lim Ix21 |
- x=-2
variable as shown graphically in Fig. 7. For the function f(x,y) in x—2 so lim %21 Does not
. . . . | x—2 1 x— 2 X—2  exist
Fig.7,if (x.,y) approaches the point (1,2) along path 1 (x = 1 and 1111%4_ ~—o2 -1
X—>
y—2 ) then the values of f(x,y) approach 2. Butif (x.,y) Fig. 6
approaches the point (1,2) along path 2 (x =1 and y%2+)
then the values of f(x,y) approach 1. Since two paths to the point (1,2) result in two different limiting
values for f, we say that the limit of f(x,y) as (x,y) approaches (1,2) does not exist.
Showing a limit does not exist: 2 z lim f(x,y) D‘?ets not
~ €XI18
If there are two paths so that f(x,y) — L as xy)—>(1.2)
(x,y)—(a,b) along path 1, and f(x,y) - L, as surface
(x,y)—(a,b) along path2,and L; #L, ,
then lim  f(x,;y) does not exist. :
(x,y)—(a,b)
: y
X X 3 . b&: . P
Example 2:  Find lim 2—}/2 : Path2
xy)—(00) x“+y Fig. 7
Solution: Let path 1 be the x—axis,soy =0.
0
Then 2xy 7 =" =0 and the limit of TXLz as (x,y) — (0,0) along path 1 is 0.
X" +y x“+0 X" +y
However, if we take the path 2 to be the line y =X,
2
1 1
then 2xy 7 = 2X 5 =7 so the limit of TXLz as (x,y) — (0,0) along path 2 is 7 .
X" +y X"+ X X" +y
Since the limits of f as (x,y) — (0,0) along two different paths is two different numbers,
the limit of this f(x,y) as (x,y) = (0,0) does not exist.
path 2 (y=x) ,= zxy .
= +
Fig 8 shows these two paths and the different limits of f along them. . — >

%
,l

Practice 2: Find the limit of f(x,y) = TXLz as
X" +y

(x,y)—>(0,0) along the path y = 3x.

Since the limit of f(x,y) = TXLz as (x,y)—(0,0) does not exist,
X" +y

this function is not continuous at (0,0).
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2 2
Practice 3: ~ Show that lim  — Y does not exist.
xy)—(00) x> +y?

Note:  The "path method" only shows that a limit does not exist. Even if the limit of a function as
(x,y)—(a,b) is the same value along two or three paths (or even along an infinite number of paths)
we still cannot validly conclude that the limit exists.

Example 3:  Evaluate lim x2y along the paths (a) the y—axis (x=0), (b) the x—axis (y=0),

xy)—00) x*+y

(c) the lines y =mx for all values of m#0, and (d) along the parabola y = X2

2
Solution: (a) Since x=0, lim XY = lim 5 = 0.
xy)—00 x*+y2  y=0 0+y
2
(b) Since y=0,  Jim Y _ = lim —=0.
xy—00 x*+y>  x=0 x40
2 2 2 m
(c) Since y =mx (mz0), lim XY = lim :(7’”)6)2 = lim 7" % 5> =0
xy—00) x*+y2 x50 x* +(mx) x—0 x> X +m

2

From parts (a), (b), and (c) we know that the limit of 4—XL2 is 0 as (x,y)—(0,0) along every straight
X +y

line path. But that is not enough to conclude that the limit along every path is 0.

2 2,2
(d) Along the parabolic path y = x2 s lim Xy - lim %:
)

xy)—00) x*+y? x50 x

+(x

Part (d) together with any one of parts

(a), (b), or (c) lets us conclude that

lim X Y does not exist.
xy)—>00) x* +y2

Fig. 9 shows this surface.

Functions of More Than Two Variables: Limits and Continuity

Once we have made the adjustments to extend the ideas and definitions of limits and continuity to functions

of two variables, it is straightforward to extend them to functions of three or more variables.
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Definition:

Let f be a function of three variables defined for all points "near" (a,b.c) but possibly

not defined at the point (a,b,c). We say the
limit of f(x,y,z) as (x,y,z) approaches (a,b,c) is L, written as

lim f(x,y,z) =L,
x,y,z)—>(ab,c)

if the distance from f(x,y,z) to L, | f(x,y,z) — L |, can be made arbitrarily small by taking

(x,y,z) sufficiently close to (a,b,c),

(if \/ (x—a)2 + (y—b)2 + (z—c)2 =|({x-a,y-b,z—c )| is sufficiently small ).

Definition:
A function of three variables defined at the point (a,b,c) and for all points near (ab,c) is

continuous at (a,b,c) if lim f(x,y,z) =f(abc).
x,y,z)—>(ab,c)

PROBLEMS

In Problems 1 — 4, the level curves of functions are given. Use the information from these level curves
to determine the limits. (Since only a few level curves are shown, you need to make reasonable

assumptions about the behavior of the functions.)

1. The level curves of z =1f(x,y) are shown in Fig. 10.

(a) lim  f(xy) (b) lim f(x,y)
xy)—(1.2) (xy)—=(1,D)

(©) lim f(x,y) (d) lim  f(x)y)
xy)—>(20) (x,y)—(3.2)

Fig. 10
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2.

4.

The level curves of z = g(x.y) are shown in Fig. 11.

(xy)—(22) (xy)—=>(2.1)
(xy)—>(1.2) (x,y)—>(3.2)

The level curves of z = S(x,y) are shown in Fig. 12.

(a) lim  S(x)y) (b) lim  S(xyy)

xy)—(1.2) xy)—=>20)
(c) lim  S(xy) (d) lim S(xy)
(xy)—=(1,D) (x,y)—(3.2)

The level curves of z = T(x,y) are shown in Fig. 13.

(a) lim T(xy) (b) lim T(xy)

(x,y)—(3.3) x,y)—(22)
(c) lim T&y) (d) lim T&y)
xy)—(1.2) xy)—>@.0)

Contemporary Calculus

Fig. 12

z‘=2

-
N

Fig. 13

In Problems 5 — 26, determine the limit if it exists or show that the limit does not exist.

5.

11.

lim (xzy2 - 2xy5 +3y)
(xy)—(2.3)

lim )(2y3 + )(3y2 -5
(x.y)—(0,0) 2-xy

lim
xy)—>(m,7)

x'sin( %X )

, sin(x? +y2)
lm T 2.2
xy)—=00) x“+y

6.

10.

12.

lim (x> +3x%y?-5y° +1)
(xy)—>(-34)

. X2 +Xy +y2
m 2.2
xy)—>E2)  xT -y

lim  eWx+2y )

xy)—=(14)

2 2
xy)—©00) x+y

W - — — — —

PO I S
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13.

15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

35.

36.

37.

lim —
xy)—00) x“+y

8x2y2

lim 7

xy)—00) x*+y*

2xy

2 4 y2
lim i

xN)=00)4/x2 4y

xy+1
2

lim
x,y)—00) x

lim

xy)—00) x> +y% +1

2
2
lim
(xy)=00) x " +y

)62+y2

lim —_—
(x.y)—(0.0) \/xz +y2+1-1

Xy —x

lim )
xy)—>01) x 4y —-2x+2y+2

2 2
lim X Zyz
xyz)—(123) xyz—1
Xz_yz_zz

lim
(xy2)—000) x>+y2+7>

. Xy + yz2 + xz2
lim 5 5
xy.2)—000) X"+y~+z

Contemporary Calculus

14.

16.

18.

20.

22.

24.

26.

28.

30.

32.

34.

. x*
lim )
(xy)—=00) x“+y
. X2+ xy2
i 22
xy)—00) X" +y

(x+)>

lim
2 + y2

xy)—00) x

22+ 3xy+ 4y2
3x% + Sy2

lim
(x,y)—(0,0)

3

lim 3
(xy)—=(00) x“+y

3.2
(xy)—=00) x“+y

1/X2+y2+1 -1

lim
x2 +y2

(x.y)—=(00)

x2+y2—2x—2y

lim )
xy)—=>0:D) xXT4+y" =2x4+2y+2

lim {xe" +In@2x-y)}
(x,y,2)—(2,3,0)

) Xy +yz+zx
llIIl ﬁ

xy2)—000) x>+y2+z

2.2 2
. x“y°z
lim Y

(xy2)—(000) x>

192472

The function f whose level curves are shown in Fig. 10 is not defined at (2,1). Define a value for

f(2,1) so f is continuous at (2,1).

The function g whose level curves are shown in Fig. 11 is not defined at (1,2) and (3,2). Can we

define values for g(1,2) and g(3,2) so g is continuous at (1,2) and (3,2)?

The function S whose level curves are shown in Fig. 12 is not defined at (1,1), (1,2) and (3,2). Can

we define values for S(1,1), S(1,2) and S(3,2) so S is continuous at each of those points?
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38. The function T whose level curves are shown in Fig. 13 is not defined at (1,2), (2,2) and (4,1). Can

we define values for T(1,2), T(2,2) and T(4,1) so T is continuous at eaach of those points?

In Problems 39 — 51, determine where the given function is not continuous.

2 2 6 33 6
X" +y +1 X +Xy +y
39. fxyy)= 73 7 40. f(x,y) = 3 3
X 4+y -1 X 4y
41. g(xy) = In2x + 3y) 42. S(xy)= e sin(x +y)
43, T(xy) = Vx+y - x -y 44, T(xy) = 2% tan(y)
45. F(xy) = x In(yz) 46. F(xy)= x+yVx +z
Practice Answers
31 3
Practice 1: (a) lim % =32 2 3
xy)—>G1) x* -y -1
. 2 X+9 2 0+9 9
(b) lim  cos(x7y)+ yyT = cos(072)+ 737 =1+3 =4
(x,y)—(0.2)
© lim  x?—y3=V32-2> =1 =1
(x,y)—>3.2)
2
X Xy x(3x) 3x 3
Practice 2: Along the path y =3x, — = 70 for x#0.

X +y2
X

Then the limit of —3 3
X +

Practice 3:

- )(2+(3x)2 - 1Ox2

3
7 as (x,y) = (0,0) along the path y=3x is 75 .
y

2 2 2
X~ = X~ =X
Along the path y =x, = y2 =3 = 7 = 0 for x#0, so the limit along this path is 0.
X" +y X7+ X
x2 2 x2
Along the x—axis y=0,s0 =37 = 73 =1 for x#0, so the limit along this path is 1.
X" +y X
2 2

(Also, along the y—axis x =0, so :22—;:’//_2 =

= -1 for y #0, so the limit along this path is —1.)
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13.2 Odd Answers

1. @3 ()2 ()4 (d) about2.4 3.(@ 3 (b) 2 (c) dne
5. 921 7. =572 9. I
11. dne Ify=0 then limit = 1. If y=-x then the function is undefined.

13. dne Paths y=0 and y=x give different limit values.

15. dne Paths y=0 and y=x give different limit values.

17. dne Paths y=0 and y=x give different limit values.

19. dne Paths y=0 and y=x give different limit values.

21. 1 23.dne Paths y=0 and y= x2 give different limit values.

25. 2 Try rationalizing the denominator.

27. 0 The function equals x(y - which is easier to analyze.
(x=D>+(y-1°

29. -3/5

31. dne Ifx=y=0 and z->0 then limit = -1. If y=z=0 and x->0 then limit=1.

(d) dne

33. dne If y=z=0 and x->0 then limit = 0. If z=0 and yx=x ->0 then limit = ..

35. Define f(2,1) =4

37. No value of f(1,2) or f(3,2) will make f continuous at those points.
f(1,2) =3 makes f continuous at (1,2).

2

39. Not continuous (not defined) on the circle where x~ + y2 =1.

41. Not continuous (not defined) if 2x+3y <0 or y <-2x/3.

10

43. In order for T to be continuous at (x,y) we need both x+y>0 (so y>-x) and x-y>0 (so x>y). That

requires x>0 and -x <y <x.

45. F is continuous at (x,y,z) if yz>0.



