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13.8 The Chain Rule for Functions of Several Variables

In Section 2.4 we saw the Chain Rule for a function of one variable.

Chain Rule (Leibniz notation form)

If y is a differentiable function of u, and u is a differentiable function of x,

d dy d
then vy is a differentiable function of x andaX = a% a% .

One interpretation of this Chain Rule is that if x is a signal that is yy

amplified by a factor of 3 by u (du/dx=3) and the signal u gets dy

amplified by a factor of 2 by y (dy/du=3) then the total amplification 5, =

of x by the combination of u followed by y is by a factor of 6: u |dy dy du
dy _dy, du du dx du dx =X =6
—1—=(2)(3)=6. -
dx " du dx I o
We can also represent this pattern graphically as in Fig. 1.
X X
: . . . Fig. 1
fis a function of x and y, aad each of x and y is a function of t
But suppose that the original signal at tis 1 db (decib
Z
and that there are two intermediate amplifiers x and
that feed into our final amplifier z as in Fig. 2. If x dx / \ dz oz dx &z dy
amplifies t by a factor of 3 (det{=3), z amplifies x dt dx dt dy dt

by a factor of 2 (dz/dx=2), y amplifies t by a factor of 4 =(2)3)+(5)(4) =26
(dy/dt=4), and z amplifies y by a factor of 5 (dz/dy=5), \ /dy

then we can ask what is the total amplification of the

original signal 1 db signal att to the final output z.

The original 1 db signal at t becomes 6 db (along the Fig. 2
txz path) and 20 db (along the tyz path) for a total output of 26 db.

This is essentially the Chain Rule for a function of two variables: we multiply the rates of change along

each path and then atlte results to get the total rate of change.

The Chain Rule for a Function of Two Dependent Variables

If z=f(X,y) is a differentiable function of x and y, and x(t) and y(t) are differentiable

functions of t, then z is a differentiable function of t, and

df _dz_lzdx lzdy
dt dt I!x dt lydt’
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A tree diagram (Fig. 3) is a visual way to organize information that may help you remember Owhich
derivatives go whereO in the Chain Rule formula. Write z, the name of the first function at théaéop of t
diagram. Draw branches to x and y, the names of the independent variables of z. Then draw more
branches to t, the independent variable of x and y. Then add in the derivative notations as shown in the

diagram below.

w
/\ N\
* aydw _ow dx c?wdy
X oy

Yoa T ar dy dt
/ 2\ /5
dr dr Fig.3
t

The two paths from z tbindicate the Chain Rule formula will have two terms. The number of pieces in a
path from z to t indicates the number of factors in the corresponding term. The two paths from z to t and

two pieces along each path correspond to the two terms of twosfacthie chain rule formula.

Example 1 (a) Use the Chain Rule to find the rate of changi(rfy) = xy with respect to t along
the pathX = cost, y = sint when ¢ :"5.

(b) If the units of t are seconds, the units of x and y are meters and the urite ], f
then what are the units % ?

i V3 If

! 1
Solution: At 1= have — =y(t) =sin(" /3) =—, == = 1) ==,
olution: (a) t 3 we have Ix y(t) =sin(" /3) 2 x(t) =cos(' /3 >

3

dx . . dy 1
— = =1 " =l — and —= = = 1 ==
p sin(t) =! sin(" /3) > an p cost) =cos( /3) 2 so

df _!f,dx!f,d #«F&* wf& & 1
&30 Bl 5
dt dx dt dy dt 2

; (o]
(b) Clearly the units ofﬁ: units of f =7C. Following the pieces of the Chain Rule

dt umtsoft sec
#o
we have 4f _/f.dx [T, dy o, Cfﬁ@“
dt dx dt dy dt

#OC
éﬂ( __C the same result.

Note: In this example we could have simply replaced x and y with the appedpriations of t so

f(t) =cost)! sin(t) and then differentiated, but such a replacement is not always easy.

df
Practice I Use the Chain Rule to calculate the value—g{L when t = 2 for the functions

f(x,y)=x4y3+3x2y, X(t):t2+t! 5,y(t)=t3! 2t%1 t+4.
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The Chain Rule for Functions of Three Dependent Variables adds one term to our previous pattern.

If w=f(X,Y,2) is a differentiable function of x, y and z, and x, y, and z are

differentiable functions of t, them is a differentiable function of t, and

df _dw _ 'de+!_wy lw dz
dt dt I!x dt ly dt Tz dt’

Many students find that using a tree diagram (Fig/ 4) for this situation makes it easy to keep track of the

pattern: multiply the derivatives along each of the¢hpaths and then add those results together.

W w
ow ow
//\ N /N dwdwdx&wdy&wdz
5 s 2%
§ . ; < y 4 dt  dx dt dy dt dz dt

dx
dr

Fig. 4

t

Example 2 Use the Chain Rule to find the value (%E for f(xy,z)=xy +z along the helix
t

X(t) = cos(t), y(t) = sin(t), z(t) =t. What is the derivativeOs value at t = 0?

(This is the istantaneous rate of change as our point moves along a helix.)

Solution: If t=0then x=1, y=0, z:(fldl =1 sin(t) =0 , (;y =cosf) =1, and%Z . At(1,0,0)
t t t

If
Ix

If

=y =0, %=x=1 ard ‘' _1. Finally,

df _of dx of dy of dz B
G o ot oy dt oz ar QO+ OO+ Om =2

Practice 2: Use the Chain Rule to find the value (%{ for the Example 2 functions when t =1/3?
t

In General

There are many ways in which functions of several vaetaban be combined. Rather than stating or

memorizing a Chain Rule pattern for each new situation, just keep in mind the general pattern:

Build a tree dependency diagram,

multiply along each path and add these path results.
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Example 3: SupposeWw =f(x,y,z), X = X(r,S), y = y(r,S), andz = z(r) and that all of these

functions are differentiable,

(a) Build a tree dependency diagram for these functions,

(b) Create a Chain Rule fo’f’l’ and!TW .
Ir Is

Solution:

% W S A s

S

dependency tree / | \ Two paths from s to W

W _IW ok (9W8\

Fig. 5 W B d o

Practice 3:  Suppose T =f1(x,y, z),x =x(p, d, 1), Y =Y(p, q) and z = z(p, r) and that all of these

W
/ | \ Three paths from r to W
/‘\ MW _W kW N W
3r oz

%
or

functions are differentiable.

(a) Build a dependency tree diagram for these functions.
!

(b) Create Chain Rules fog—T and —T

'q
R : : dav
Example 4: (a) The voltage V in a circuit satisfies the law V = IR. Write the Chain Rule—?{.

(b) If the voltage is dropping because the lygtie wearing out and the resistance s
increasing because the circuit is heating up, then how fast is the current | changing when
R =500 ohms, | =0.04 amps, dR/dt = 0.5 ohms/sec, and dV0dd¥ volt/sec?

Solution: (a) av _1! +EB
dade 11 It IR/t

'0R) _ =500 ohmeana 1. = UR)
/1 IR IR
Putting all of this information into the equation in part (a) we have

ébo of"mp Ohmsf‘ (500 hms)"O P+ (004 ampd-50.52MF so
'

sec
'I—t: -0.00006 amps/sec.

()—

=1=0.04 amps.

amp
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PROBLEMS
xy | O] 1]2]3 t|1]2 4
In problems 1 and 2, use the inforioatin Table 1. ﬁ= 0| 5[4(6]2 <1 210111 3
ox 1 [ 1]19]7]10 y|[3]1]0] 2
of 2 | 3]15[4]11
1. Calculate—— whent=1andt=3 30 718[5(13 c 1112134
dt
xy | 0[1[2]3 dx
o d _[o[3[7]2]4 a2
2. Calculate—— whent=2andt=4 Iy 1 | 6]1]81]3 Diala 11
dt 2 1 1]4[5]6 dr
315(2(19]7
Table 1

In exercises 37, expreg as a function of t by using the Chain Rule. Then evalgj;ltat the given

dt dt
value of t.
3. f(xy)=x"+y?, x=cod, y=sint, t=!
— 2.2 — 2 — —
4. f(x,y) =x7y +3x+4y+1, x=3+t7, y=1+2t,t =2
5. f(x,y,z):x2y+yz+xz, X=3+2t, y:t2,2:5t,t:2
X 'y z
6. f(x,y,2)=—+=+—, x=1+2t, y=2+3t, z=3+4t,t=1
y z X
7. f(xy.2)=2ye'! Inz, x=n(+1), y=tant, z=¢', t=1
8. f(X,y,z) =xyz, x=2cos{), y=sin(t), z=3t, t=!
9. W=Xy+yz+Xz, X=U+V, y=u!vVv, z=uv, (uv)=§£,0)
f'w f'w
Express|— and T as functions of u and v by using theanh Rule.
‘u LAY
'w W )
Then evaluate|— and a—at the point (u, v) =B, 0).
‘u \'
o w ) 2 )
10. Find ~— whenr=1,s 8L, if w=(x+y+2z)", x=r!s, y=cosf+s), z=sin(r+s).
:r
Iz :
11 Find — whenu =0, v =0, ifz =cos(xy)+ x!sin(y), Xx=u+v+2, y=uv.
'u
12. The lengths a, b, and c of the edges dfaangular box are changing with time. At the instant in

. da db dc
question, a = 1 meter, b = 2 meters, ¢ = 3 metgizs,: p =1 mi/sec, anda =13 m/sec. At

what rates are the boxOs volume V and surface area S changing at that instant? Are the boxOs interior

diagonals increasg or decreasing in length,?
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13. Inanideal gas the pressure P (in kilopascals kPa), the volume V (in liters L), and the temperature T
(in kelvin K) satisfy the equation PV = 8.31T. How fast is the pressure changing, dP/dt , when the
temperature is 31K and is decreasing at a rate of 0.2 K/s, and the volume is 80 L and is increasing

at arate of 0.1 L/s?

14. Given: w is a function of x, y, and z; x is function of r; y is a function of r and s; z is a function of s

W
and t; and s is a function of Make a tree diagram, and then write a chain rule formulaéfter.

Practice Answers

Practice 1: f(x,y) =x*y3+3x2y, x(t) =t?+t1 5,y(t) =t31 221 t+4.
Ift =2, then x:1,y:2,cdg=2t+1=5 and%:azg 4t11=3. At x=1,y=2
t t

'f 3,3 If df _!f,dx /f.d
= 4x +6xy=44 and:! _q,.4,2 2 _q1c SO Y _ =
Ix y y y 3Ty +3xT=15 S0 L=t dy ot = (44)(5) + (15)(3) = 265

Each Chain Rule problem has a lot of pieces so you need to be organized.
Note: Substituting x(t) and y(t) infogives
ft)=(t2+t! 5)%31 2t%1 t+4)3+3t%+t! 5)%(t3! 2t? 1 t+4) and that would be a messy

derivative.

Practice 2: f(x,y,z) = xy +z, x(t) = cos(t), y(t) = sin(t), z(t) =t.

If t=1/3 then x:cos(!/3): 5 , y=sin(1/3)= { zZ= % %—! sin() =! sin(" /3) =! Vj

I
ﬂ=cos¢)=cos(’ /3)=1 ,andd =1. At il “E ! 1£:y:@. Al _w=1, and i:1-
dt 2 dt 2’2 3& Ix 2 2 Iz

Putting this all togetherOlf !f, dx i dy i dz #‘F%,;, ‘f& :é‘é%ﬁa)(l)
dt Ix dt !y dt !z dt

T / l \ Three paths from p to
zZ

T
qT_dT ax JT gy T
i

Practice 3:

/ I\ L B W
oy W By ap
q p r T
dependency tree / I \ Two paths from q to T
(there is no line from X y z

y tor or from z to q) £=£§+£ﬂ
ap ox dq dy dq
Fig. 6
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13.8 Selected Answers

/
1. (&8 Whent=1, x=2 and y= 33& =11 and i_6 Also% 11 andﬂzle,
Ix ly dt dt

df _/f, dx If, dy _ " wa) _u
Then = = »n 2247 w20 =(1)1 (" 1) +(6)! (" 3) =" 29.
dt /x dt+!y dt (:D( ) ()( )

(b) Whent=3, x=1 and y= Os& 1and—f_6 Also% 12 and ﬂ:ll
Ix ly dt dt

Then ¥ 1w dx 1 dy —(qyi(v2)+(6)1 (" 1) ="8.
e @' ("2)+(6) ("1

3. When t =1 then x =cos(!)=1, y =sin(!)=0, % =1sin@t)=!sin(")=0,
t

! If
%:COS([):COS(/):"L %:2)(:0, a”d5=2y="2 o

df _/f, dx ’f,,d_y
dt Ix dt ly dt

5. Whent:2,x:7,y:4,z:1(9l=2,%=t2_47 , //\
dt t

/

f of I

K—ny+z 66, @—x +z=59 and —_y+x 11. \\ /
df _/f, dx /f dy+’f dz ¢

dt /x dt 'y dt !z dt Fig. Problems 5 and 7

=(66)!(2) +(59)!(4) + (11)!(5) = 422

=(0)"(0) + (#2)" (#2) =2

" dx 2t d 1 1
7. Whent=1, theny =] 2), y=t ‘11 =—,z=6e = :1,—}): =—,
x=In@), y=tan- =7, z=e =2 T2
/ / !
%:IE:IE ,i:ZyeX:Z"f"eln(z):#,i:ZGX:2€|n(2)=4 endi: — .
dt Z e IX 4 ly Iz e
! ! / # #
df 11, dx I dy I dz_ %%Jr?; e
dt /x dt ly dt !z dt e

9. W = Xy +yz+ XZ When (u, v) =P, 0) then x =2,y =-2,z=0,

w
dx dz dz
— =1 —=1 —=1 — =1 —=v=0, —=uy=12
du ldv ldu ldv ldu v=0 v " /‘\

I'w Iw I'w

T CyrzE" = ="2, —= =" X y z
FEA 2’7'“2- SIS W
dw _‘w,dx ‘w,dy !w,dz

T e dut v ———21+21+4o_-4

du ’X du !y du !z (-2)(1)+(-2)(1)+(-4)(0) ; !
dw _‘w,dx !fw,dy ‘w d .

v W ZY DL = (2)(1)+ (2)(-1)+ (-4)(-2)=8 Fig. Problem 9
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11.

13.

z=cos(xy)+x!sin(y), x=u+v+2, y=uv.

When u=0andv=0 then x=2,y=0andz=1. .
X X W oyzg, Yoy=o / \
du dv du dv

/

X y
% =" y#sin(xy) +sin(y) =0, :—; =" x#sin(xy) + x#cosfy) =2 M

dz _ ’Z dx+!z d u v

&Y _
du  /x du ly du =OM+@0) =0 Fig. Problem 11

dz _!z, dx !z, dy

dV ’X dV [y dV:(O)(1)+(2)(O)=0

(That was a lot of work just to get a couple 0s.)

We know that T = Slng |027 V= 80Landd7V_01f
dt dt
p=8_311 sof Q dj_ 831l. By the Chain Rule
Vv IT V v v?2
P I ! I I 1 $1
0P _IP.IT 1PV (BB UTS, b O (v
at /T I/t IV It (t o (t9

31 8.31- 310 _ kPa
(8 ]-oz (2]( )=10.061 —
80 sec



