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13.8 The Chain Rule for Functions of Several Variables

In Section 2.4 we saw the Chain Rule for a function of one variable.

Chain Rule (Leibniz notation form)

If y is a differentiable function of u, and u is a differentiable function of x,

dy du

d
then y is a differentiable function of x and d_){ = dqu ' dx

One interpretation of this Chain Rule is that if x is a signal that is yy
amplified by a factor of 3 by u (du/dx=3) and the signal u gets
amplified by a factor of 2 by y (dy/du=3) then the total amplification

of x by the combination of u followed by y is by a factor of 6: u |dy dy du

dy dy du du & du dx D=0
=T (2)3) =6 L3

dx du dx dx

We can also represent this pattern graphically as in Fig. 1.
f is a function of x and y, and each of x and y is a function of t Fig. 1

But suppose that the original signal at tis 1 db (decibel)

and that there are two intermediate amplifiers x and y o i 9 _ s

that feed into our final amplifier z as in Fig. 2. If x dx =/ \dy dz oz dx gz dy

R +
amplifies t by a factor of 3 (dx/dt=3), z amplifies x dt dx dt dy dt

by a factor of 2 (dz/dx=2), y amplifies t by a factor of 4 X Y =(2)(3)+(5)(4) =26
(dy/dt=4), and z amplifies y by a factor of 5 (dz/dy=5), dx \ A
then we can ask what is the total amplification of the de - de”
original signal 1 db signal att to the final output z. t ¢
Fig. 2

The original 1 db signal at t becomes 6 db (along the
txz path) and 20 db (along the tyz path) for a total output of 26 db.

This is essentially the Chain Rule for a function of two variables: we multiply the rates of change along

each path and then add the results to get the total rate of change.

The Chain Rule for a Function of Two Dependent Variables

If z =1(x, y) is a differentiable function of x and y, and x(t) and y(t) are differentiable

functions of t, then z is a differentiable function of t, and

df _de_ 9z dx B dy

== + .
dt dt ox dt Oy dt
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A tree diagram (Fig. 3) is a visual way to organize information that may help you remember “which
derivatives go where” in the Chain Rule formula. Write z, the name of the first function at the top of the
diagram. Draw branches to x and y, the names of the independent variables of z. Then draw more

branches to t, the independent variable of x and y. Then add in the derivative notations as shown in the

diagram below.

w w
/NN
” > dw ow dx ow dy
X y X y —=—-_+—-_
dt ox dt dy dt
S\ e
dr dr Fig.3
t t

The two paths from z to t indicate the Chain Rule formula will have two terms. The number of pieces in a
path from z to t indicates the number of factors in the corresponding term. The two paths from z to t and

two pieces along each path correspond to the two terms of two factors in the chain rule formula.

Example 1: (a) Use the Chain Rule to find the rate of change of f(x,y)= xy with respect to t along

the path X = cost , y = sint when ;=7.
3

(b) If the units of t are seconds, the units of x and y are meters and the units of f are °C,

then what are the units of Z—f ?
t

3 1
Solution: (a) At ¢ :g we have % =y(t) =sin(r/3) = % , % =x(t)=cos(m/3) = 5 ,
3

d d 1
& _sin(f) = —sin(7r/3) = - and % = cos(1) = cos(m/3) = 0

df _of dx Jf dy (3| 3| (1f1)__1
dt dx dt dy dt | 2 2 | 2)2) 2

df i 0
(b) Clearly the units of —= units of £ = <. Following the pieces of the Chain Rule
dt unitsoft sec

we have g-ﬁdl ﬁdl_ 0£ mJ_{OCI’"J:OC the same result.

= + = —_—
dt dx dt dy dt m ks m ks s

Note: In this example we could have simply replaced x and y with the appropriate functions of t so

f(#) =cos(t)- sin(?) and then differentiated, but such a replacement is not always easy.

Practice 1: Use the Chain Rule to calculate the value of ? when t = 2 for the functions
t

2

oy =2ty 4322y, x() =12 +1-5,3() =1 =212 — 1 +4.
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The Chain Rule for Functions of Three Dependent Variables adds one term to our previous pattern.

If w=f(X,y,z) is a differentiable function of x, y and z, and x, y, and z are

differentiable functions of t, then w is a differentiable function of t, and

df _dw _ow dx ow dy ow dz
d dt ox dt 9y dt o9z dt

Many students find that using a tree diagram (Fig/ 4) for this situation makes it easy to keep track of the

pattern: multiply the derivatives along each of the three paths and then add those results together.

W w
ow ow
// \ . /ﬁ% dw dw dx+&w dy+(9w dz
5 aas ey R
§ . ; < y Z dt v dt dy dt d7 dt

dx

dt

Fig. 4

t

Example 2: Use the Chain Rule to find the value of 4 for f(x,y,z) =Xy +z along the helix
dt

x(t) = cos(t), y(t) = sin(t), z(t) =t. What is the derivative’s value at t =07?

(This is the instantaneous rate of change as our point moves along a helix.)

Solution: If t=0 then x=1,y=0,z=0, %z—sin(t) =0, @ =cos(¢) =1 ,and %21 . At (1,0,0)
t t
& o ¥ _, Fi
2 —y=0,% _,_1 and 2L _1. Finally,
BN y > x=1 o

df _of du O dy o dz_

i E+&y o @ =(0)0)+ @)D+ M) =2.

Practice 2: Use the Chain Rule to find the value of 4 for the Example 2 functions when t = 7/3?
dt

In General

There are many ways in which functions of several variables can be combined. Rather than stating or

memorizing a Chain Rule pattern for each new situation, just keep in mind the general pattern:

Build a tree dependency diagram,

multiply along each path and add these path results.
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Example 3:  Suppose W =f(x,y,z), X = X(r,S), Y = y(I,S),and z =2z(r) and that all of these
functions are differentiable,

(a) Build a tree dependency diagram for these functions,

(b) Create a Chain Rule for % and @

os

Solution:

% W PR are

S

dependency tree / | \ Two paths from s to W

W _IW ok 8W8\

Fig. 5 W B d o

Practice 3:  Suppose T =1(x,y,z),x =x(p,q,1),y =y(p,q) and z=z(p, r) and that all of these

W
/ | \ Three paths from r to W
/‘\ MW _W x W & W,
o

%
or

functions are differentiable.

(a) Build a dependency tree diagram for these functions.

(b) Create Chain Rules for g and g

dq
Example 4: (a) The voltage V in a circuit satisfies the law V =IR. Write the Chain Rule for ——.

(b) If the voltage is dropping because the battery is wearing out and the resistance s
increasing because the circuit is heating up, then how fast is the current I changing when

R =500 ohms, I =0.04 amps, dR/dt = 0.5 ohms/sec, and dV/dt=-0.01 volt/sec?

dv. 9V odl JdV OR

Soluti o Tt
olution: (2) dt ol 8t+8R ot
()88_‘1/:% R =500 ohms and ?;:8(81]5) I1=0.04 amps .

Putting all of this information into the equation in part (a) we have

: I
[—0.01”‘"”’0}’"“}(500 ohms): [‘9 P SJ+(0.04 amps) (0.5 Ohmsj 50

sec ot sec sec

/4
—=-0.00006 amps/sec.
ot
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PROBLEMS

x| O] 1]2]3 t|1]2 4
In problems 1 and 2, use the information in Table 1. i _ 0| 5]4]6]2 x| 21011 3
ox 1 [ 1]19]7]10 y|[3]1]0] 2
d 2 | 3]15[4]11
1. Calculate 4 whent=1andt=3 31718513 t 1112314
dt
xy | 0[1[2]3 dx
y I [0 [3|7]2]4 a0 7?8
2. Calculate b whent=2andt=4 Iy 1 | 6]1]81]3 dy 317 1-11]8
dt 2 [ 1]4a]s5]s6 dt
31512197

Table 1

In exercises 37, express df as a function of t by using the Chain Rule. Then evaluate df at the given
dt dt

value of t.

3. f(x,y):x2+y2, X=cost, y=sint, t=m

4. f(x,y)=x2y2+3x+4y+1, X=3+t2, y=1+2¢,t=2

5. f(x,y,z):x2y+yz+xz, X =3+2t, y:t2,Z:5t,t=2
6. f(xyz) =42+, x=1+21, y=2+31,2=3+4t, t =1
y z X

7. f(x,y,z) =2ye" —Inz, len(t2+l), y=tan t, z=e, t=1

8. f(x,y,z) = xyz, x=2cos(t), y=sin(t),z=3t,t =7
9. W=Xy+yz+Xxz, X=U+V, y=u—-Vv, Zz=uVv, (u,v)=(-2,0)

ow ow

Express g and E as functions of u and v by using the Chain Rule.

'w W
Then evaluate — and — at the point (u, v) = (-2, 0).
du ov

. ow . 2 .
10. Find — whenr=1,s=-1,if w:(x+y+z) , X=r—8, y=cos(r+s), z=sin(r+s).
r

oz )
11. Find — whenu=0,v=0,if zZ=cos(xy)+X-sin(y), X=u+v+2, y=uv.
u

12.  The lengths a, b, and c of the edges of a rectangular box are changing with time. At the instant in

) da db c
question, a = 1 meter, b = 2 meters, ¢ = 3 meters, — = —— = 1 m/sec,and — =—3 m/sec. At

dt
what rates are the box’s volume V and surface area S changing at that instant? Are the box’s interior

diagonals increasing or decreasing in length,?
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13.

14.

In an ideal gas the pressure P (in kilopascals kPa), the volume V (in liters L), and the temperature T
(in kelvin K) satisfy the equation PV = 8. 31T. How fast is the pressure changing, dP/dt , when the
temperature is 310 K and is decreasing at a rate of 0.2 K/s, and the volume is 80 L and is increasing

at arate of 0.1 L/s?

Given: w is a function of x, y, and z; X is function of r; y is a function of r and s; z is a function of s

and t; and s is a function of t. Make a tree diagram, and then write a chain rule formula for — .

Practice Answers

Practice 1: f(x,y)= x4y3 + 3x2y , x(t) = 2 +t-5 ,y(0) = 321

2 _t+4.

Ift=2,then x=1,y=2, @22;“:5 and @23#_4;_1:3. At x=1,y=2
dt dt
A

3.3 o
7=4x +6.x =44 and—: 4,2 2: Y
) y y 3x7y“+3x7 =15

df _of dx of dy_ _
G @ ey a =IO H03)3)=265

Each Chain Rule problem has a lot of pieces so you need to be organized.
Note: Substituting x(t) and y(t) into f gives
FO =2 +1-5*3 —202 —1+4)> + 3.2 +1-5)2(+> 2> -t +4) and that would be a messy

derivative.

Practice 2: f(Xx,y,z) = Xy +z, x(t) =cos(t), y(t) =sin(t), z(t) =t.

Practice 3:

If t= /3 then x=cos(/3)= L ,y=sin(73)= 3 =% & = _sin(r) = —sin(/3) __B3 ,
2 2 3 dt 2
1
chos(t)zcos(ﬂ/?;):— ,and %zl . At l,ﬁ,ﬁ ,izyzv5 , izle and i=1
dt 2 dt 27273 ) ox 2 oy 2 oz
Putting this all together £:@%+§ ﬂ_,_@.%: V3 _73 + It +(1)(1):1_
dt oJx dt dy dt oz dt 2 2 212 2

T
T / I \ Three paths from p to T
// \ X y 2z T JT x T

XW \qp/%T%

T
dependency tree / I \ Two paths from q to T

(there is no line from X y ZgT T ox JT dy
y tor or from z to q) e
aqQ Jx dq dy dq

Fig. 6
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13.8 Selected Answers

1. (@) Whent=1, x=2 and y=3 so i:ll and ﬁ—6 Also @__1 and @2_3.
ox dy dt dt

n G _F A I Ay gy (- (=3) =29,
Then & _ T T D ~(1) () +(6) (3=-29

(b) Whent=3, x=1 and y=0 so i:l and ﬁ—6 Also @2_2 and dl:—l.
ox dt dt

n 9 dx I dy (- - (=1)=-8.
Then & _ T 2T B = (1 (2)+(6) (-1 =8

3. When t =, then x =cos(m)=-1, y = sin(m)=0, ilix = —sin(¢) = —sin(z) =0 »
t

?;zcos(t)zcos(it)z—l,2{=2x=0,and%=2y=—2 s0
G _d & T D) (0)+(-2) (2)=
Y L L L) 042 (D=2

w
5. Whent=2, x=7.y=4z=10, &y ¥ _2_, &_g
dt dt dt

& 2

—=2xy+z=0606, i—x +z=59 an
ox

_ d 11 X y Z
- G X remmd G=y sl \\ /
ﬁ @‘ dx @‘ dy 8f dz

t
dt ox dt 8y dt 82 dt Fig. Problems 5 and 7

=(66)-(2)+(59)-(4)+(11)-(5) =423
dx 2t dy 1 1

When t =1, then x =1In(2), :tan‘11=§,2=e,7= =1, 2= =—,
@, y M 4 dt 1+¢2 dt 1+¢2 2

¥

dz

AL e By K @ _y g L)
d 7z e Ox 4 dy dz e

z_ gx “ g;dy +‘3‘Z & _ (n).(1)+(4).GJ+(-1J(e):1+n

W=Xy+yz+ XZ. When (u,v)=(-2,0) then x=-2,y=-2,2=0,

'
de_dv_ oy by de L odi YARN
du dv du dv du dv

ow

—=y+z=-2, %—x+z——2 %—y+x——4

X y z
dw _dw dx 8w dy ow %_ )
du  ox du 3}, du+ 2)(D)+(2) (D) +(-4)(0) =

u %
dw 5w dx &W dy 8w %_ e
dv ok dV &y dv DM +E2DED+A)(-2) =8 ig. Problem
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z=cos(xy)+x-sin(y), Xx=u+v+2, y=uv.

When u=0andv=0 then x=2,y=0andz=1.

dx
du

oz

o

dz

du

dz

o

=—y-

oz

ox
oz

ox d

z
LB S AN A / \
dv du dv

X y
sin(xy) +sin(y) =0, % =—x- sin(xy)+ x- cos(y) =2 M

X 9 d dy ) u v
d_+g u 0)(1)+(2)(0)=0 Fig. Problem 11
d_ %

_y_ =
&y v - OM+2)0) =0

(That was a lot of work just to get a couple 0s.)

We know that T=310K, E—_()z —,V=80L and d—v =0.1 £
dt s dt s
P= 831f SO 8£ 831 and a£=_8_311 . By the Chain Rule
or V2

dt

T v
dP _oP ar P v
o a W

o))
o

. kP
]_02 [831310]( y=-0061 L4
802 sec



