Chapter 15 Odd Answers Contemporary Calculus 1

15.0 Odd Answers
1. A small eddy or whirlpool. 3. Easier from D to San Juan Island.

5. Easier from A to B. 7. Easier from E to F.

15.1 Odd Answers

Problem 1: Vector Field <2,1> Problem 3: Vector Field <x,x> Problem 5: Vector Field <x”2,y> Problem 7: Vector Field <x,-y>
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9. a-C,b-A,c-B 11. a-B, b-A, ¢c-C
13. F(x,y)=<2x,—2y> 15. F(X,y)=<y2—2x-y,2x-y—x2>

17. F(X,y,Z) = <3,2,—1> 19. F(X,y,Z) =<x’y,z>/ﬂx2 + y2 +Z2

21. F(x,y,z) = <y-z-cos(x~ y-2),X-Z-Ccos(X y-Z),X y-cos(x- y'z)>

23. 25. 27.
Problem 23 Problem 25 Problem 27
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15.2 Odd Answers More n
than out
1. AtA divF >0,atB divF <0 ,atC divF =0
3. divF = 2x+2 . AtA divF =4,atB divF =6 andatC divF =0. . "D,
5. divF =5+2 . AtAdivF =7,atB divF =7 andatC divF =7.
7. See Fig. 12. More going out than coming in.
Fig. 12
9. AtA curl F >0,atB curl F <0 ,atCcurl F =0 . 4_\
11. curl F= 1-3. AtAcurl F=-2 ,atBcurl F=-2 ,atCcurl F=-2.
13. curl F = 1-(-3). AtAcurl F=4 ,atBcurl F=4 ,atCcurl F=4. r

\|

15. See Fig. 13. Enough to rotate counterclockwise.
17. All of the partial derivatives are 0 so both the div and the curl are 0
19. No. The curl could be anything. See Fig. 14.
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In 14a the curl is positive. In 14b the curl is negative.
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15.3 Odd Answers c g NN

3 3
| ((2t+1)2—4(3+t2)+11)w/(2)2+(2t)2 de=| (44 +4ar? dt=§(t2+1)3/2 E:%(low/ﬁq)

0 0

t=b 2 2 t=b 2 2
3. ()T, (4= 4. (4 (%) .
tLy(t) (dt) +(dtj dt th(t) ( t) o]
/2 3 2
S mass= [ (14 3cos( + 6sin(®)(3) dt=27+7n 7. mass= [ (2 +40(11) dt =12411
0 0

2 3
% [ et+9)5)dt=110 [ 02 +10)21) di = 495
0 0

T
13- [ (3-sin(v +cos(0)(1) dt=-2+37
0

3
17. Along A flow > 0. Along B flow > 0. 19. work :J‘ (]4 +37t) dt =4172

0

T 2
21 work = [ (-sin(®) +2+3-cos(t) dt =27 -2 2 flow= [ (32 +320) dt =55
0 1

2r
25. flux = J (2-cos(t))(2-cos(t)) — (1 +4 - sin(t))(—sin(t)) dt =8«
0

27. All of them are possible for the flux.
For 29 to 34 consider the integral formula used for each calculation.
29. Area is unchanged. 31. Sign of work is changed.

33. Sign of circulation is changed.

15.4 Odd Answers

1. F=(2x, 6y) 3. F=(3cos(3x +2y), 2cos(3x +2y))

5. g =< 25 +ey> 7. fy) = x2 +y2 £(5,1)—f(1,.2)=21
2x +5y  2x +5y

9. My =0, N =1so0Fisnot conservative. r(t) = (3t,2+4t) (tfromOto ).

1 1
F(r(t))o r'(t) = <3t, 3t>. <3, 4> = 21t SO work = J‘ F(r(t))or'(t) dt = J‘ 21t dt =%
t=0 t=0

11, f(x,y,z)=xyz f(4,2,1)—1(1,0,0)=8 13. AtoB:5 CtoD: 2 EtoF: -3

15. AtoB:6 CtoD:0 EtoF:-2 17. f(x,y) = x" + 4x + 6y
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15. Along A work > 0. Along B work < 0.
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19. f(x,y)=sin(xy) + x>y 21. f(x,y) = x-sin(y)
23. N, # Py

15.5 Odd Answers

Sy No3y N_M_ o 0 8
L. M =x%y, N =3y, x dy =X soJ;{ —xsz:£ ‘([ —xzdxdy=—§
N oM 1 2x
3 M:3XY’N:2X2’ 5_5247(_37( sog di:_([ {xdxdy=§
N oM
= = _— = 0dA=0
5. M =ax, N by,&X N 0 So_g
&N 2 2
7. mrculatmn-” [ j dA = ” -1-2) dA :J J. -3dxdy=-12
R 00
ﬂux_ﬁ( jdA jj (1+1) dA = szxdy 8
00
9. circulation:g (i’?lj (Zl\;j dA = ” (2x-2y) dA= szx 2y dy dx—%

ﬂux—” (+j dA=g (2x—2y) dA:_([ _I 2x—2ydydx=§

11. Cyis from-2 to 2: r(t)=<t, t2> J. 00 = (t )(1)dt—*‘[ t dt—%
—2

. . 2 2
C, isfrom2to—2: r(r)= <t, 8-t > so % J' (0(=20) = (8 —t2)(1) dt =% J' (—t2 —8) dt =%
2 -2
So the total area is 6i .

2
Note: J‘ (8= x2)— (x2) dx is much easier. Green’s Theorem does not make everything easier.

-2

13. Call D the boundary of R so j FOdI‘:J Fedr— J Fedr= j Fedr—20 -
D C c, C,

But jF.dr_H ( jdA [ 5 da=5005° [ Fedr=520-
R C,

15. Call D the boundary of R so j Fedr— J Fedr— J’ Fedr— J Fedr = j Fedr—37-41 -
D C, c, C, C,

Areaof R= =42 -21 .
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But jF.dr—U( jdA U 9 dA=9(42-2m)=378-187 0 | Fedr=378-11z .
R C

17. All of the partial derivatives are 0 so the double integrals for circulation and flux are 0.
N an

oy dA = ” c—b) dA =(c—b)-(area of R)

19. circulation = § Mdx +Ndy = H (
R R

15.6 Odd Answers

1. divF=3xz2+ 2xy+xz , curl F = <—xy,—z3,—x2 + yz>

3. diVF=eZ+Z‘ey,cur1F=<eX—ey,er—yex,0>

5. diVF:3,curlF=<—1, -1, —1>

In problems 7 to 10, X = not meaningful.

7. div f=X, div F =scalar, div (curl F)=scalar , gradient (curl F)=X, curl F=vector
9. gradient f =vector, curl (curl F)=vector, curl (div (gradient f))=X

11. Not conservative. 13. Not conservative.
15. Conservative. f(X,y,z) = x-sin(yz) + 2z
17. Your location = (5, 10, 5)=(1, 2, 3) + (2)(2,4, 1) so you have moved in the direction of the curl.

Looking back, you will see a Counterclockwise rotation.
19. Your location = (4, 4, 3)= (6, 3, 2) + (-1)(2, -1, 1) so you have moved in the opposite direction of the

curl. Looking toward (6, 3, 2), you will see a Clockwise rotation.

15.7 Odd Answers
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4 Problem 5

; . 2
Problem 1 Problem 3 Problem 7 Problem 9

1 1
11 r(u,V):<u, v, W}, r,=(1,0,0), rV:<O, 1, M> ruer=<0, o 1>

Surface area = IJ |I' Xr | dA = J J. 1/—+1 dvdu .

u=0 v=0

13. r(u,v)= <2-cos(u), 2 -sin(u), v), r,= (—2~sin(u), 2-cos(u), O), r, = (0, 0, 1),

rXr, =(2-cos(u), 2-sin(u), 0).  Surface area = ” |r Xr | dA = J' I 2 dvdu .
u=0 v=0
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15. r(u,v)= (u-cos(v), u-sin(v), u>, r,= (cos(v), sin(v), 1>, r, = (—u-sin(v), u-cos(v), O>

1, Xr, = (—ucos(v), u-sin(v), u) . Surface area = H |1' Xr | dA = J' j w2 dvdu .

u=0 v=0
2 2r
17. Surface area = J J u+ dV du . 19. Surface area = I J \1+cos2(v) dv du .
u=0 v=0 u=0 v=0

15.8 Odd Answers
1. 1, =(1,2,3), r, =(3,-1.1), ryxr, =(5.8,-7) and Iryxr, E~/138 . f(r(1,2)) =1£(7,0,5) =12,

AA =Au-Av=003 50 f(r(u,v))-r,xr,| AA = (12)(V/138 )(0.03) = 4.23 .
3. When u=2 and v=1, then r, =(2u, 3, 0) =(4,3,0), r, =(0, 1, 2v)=(0,1,2),
ryxr, =(6v, —duv, 2u)=(6,-8,4) and I xr, V116 . f(r(2.1)) =£(4,7.1) =56,
AA =Au-Av =006 50 f(r(u,v))-[r,xr,| AA = (56)(\/116 )(0.06) = 36.19 .
5. S can be parameterized by r(u,v)=(u,v,4) with 0<u<3and 0<v<2. Then r, =(1,0,0),

r, =(0,1,0), ryxr,=(0,0,1) and Ir,xr, =1. f(r(u,v)) =ul+dv+4 .

2
ﬂ f(x,y,z) dS = ﬂ f(r(u,v)- e xry| dA = j j W dviddudy = [ 9412v+12dv =66
v=0u=0 v=0

7. S can be parameterized by r(u,v)=(u, v,4-u-v) with 0<u<4and 0<v<4-u. Then r,=(1, 0, 1),
r,=(0,1, 1), ryxr, =(1, 1, 1) and Irxe, EA3 . f(r(u,v)) = v>.

4 4—u
J] toxy.2) ds=[f fr@v) frgxeda=] [v?\Zdvau = —(4- )Mlg =64~W/3g
S R 0 0 0

9. S can be parameterized by r(u,v)=(u,v,4) with 0<u<3and 0<v<2. Then r, =(1,0,0),
r, =(0,1,0), and ryxr, =(0,0,1) . F(r(u,v)) =(u, 2v, 3-4).

23
Flux=[[ F-ndS =] Fe@uxr,) dA=[] (u2v.3.4)¢(0.0.1) dA=] [ 12 dudv=72.
S R R 00
The flux units are (liters/second)(meter?).

11. S can be parameterized by r(u,v)=(2-cos(u), sin(u), v) with 0<u<27 and 0<v<3. Then
=(=2-sin(u), cos(u), 0), r,=(0,0, 1) and r,xr, =(cos(u), 2-sin(u), 0) . F(r(u,v)) =(2-cos(u), sin(u), v).

Flux = ﬂ F-ndS= ” Fe(r,xr,) dA = ” (2-cos(u), sin(u), v) e (cos(u), 2-sin(u), 0) dA
R
3 2r¢

=] [ 2dudv =127.
0 0
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13. S can be parameterized by r(y,v)= <v~cos(u), v-sin(u), A2 - v2> with 0<u<27 and 0<v< A . Then

r, = (=v-sin(u), v-cos(u), 0), r, ={cos(u), sin(u), —2Cv) and r xr, = <—2v2C-cos(u), —2v2C -sin(u), — v> :
F(r(u,v)) =(0, 0, K).

Flux=[[ F-ndS=[[ Fewxr,) da =[[ (0.0, K>0<—2V2C-cos(u), _2v2C-sin(u), —v> dA

S R R
A 21

=j j —Kvdudv =-KA’x.
0 0

This is the same flux as in Problem 12. In fact, the flux is the same even if C=0 so that S is just the

disk x2 + y2 < A? in the xy-plane.

15.9 Odd Answers

1.

curl F = VXF =(0, 0, 1), R={(x,y): x> +4y> <4}, areaof R= 7(1)(2) =27 and n=(0, 0, 1).

circulation=§ FeTds=[[ (VxF)en dA=[[ (0.0,1)¢(0,0,1) dS =areaof R =27.

C R R
1
curlF=VxF =(x, 1-y,0), n=—(2,2,2), R={(x,y): 0<x<3,0<y<3-x}
(x,1-y.0) ¢ ) y y
. . 1
lation=¢ FeT ds = VxF dA = - .
circulation E#; T ds ” (VXF)en ” (x, 1-y,0) \/EQ 2,2) dS
C R R
3 3-x
1 9
=— 2X+2-2 =—.
m{ {) Xa2om A=
1
curl F =VxF =(0,0,2), and p=—(1, 1, 1).
00,2, wnd n= L1
circulation=§ FOTds=JJ (VXF)en dA=” (0,0 2>.L(1 1,1 dA=l.” 1 dA
C R rO NE V3 R

2 .
= —— (area of R) where R is the area enclosed by C.

\3

curl F =VxF =(0, 0, 3-2y) and n=(0,0, 1).

circulation=¢§ FeTds=[[ (VxF)en dA= [ (0,0.3-2y)(0,0, 1) dA

C R R
2 2n 2

= | G-2rsin@)-r dodr=| 6mdr=127.
0 0 0

The boundary of S is the circle C parameterized by r(t)=(4-cos(t), 4 -sin(t), 0).

2r
[[ cul FedS=] Fedr = [ (4-sin(0). —4-cos(t), 0) e (—4-sin(t), 4-cos(t), 0) dt
S C

t=0
2

=j —16sin%(t) - 16cos?(t) dt =327
t=0
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11. The solid torus is a closed surface so it has no boundary curve so ” curl FedS =0-

S
13. VXF =(0,0,0) so F is a conservative field.

15. VxF = <cx —-bx, ay —cy, bx - az> so F is not a conservative field.
17. VxF =(0,0,0) so F is a conservative field.
19. Quick check: VxF=(2,2,2) .
The top and bottom boundaries of S can be parameterized by r; = (4 -cos(t), 4 - sin(t), 0) and

ry =(4-cos(t), 4 -sin(t), 3) for 0 <t <27 (both going counterclockwise).

21
[ For/ di= [ (0-4-sin(t), 4-cos(t) 0, 4-sin(t) — 4 - cos(t)) e (4 -sin(t), 4-cos(t), 0) dt
C, 0
2r
= [ 16-sin?(®) +16- cos?(t) dt = 327,
0
2r
[ For) dt=[ (3-4-sin(t), 4-cos(t)~ 3, 4-sin(t) — 4 - cos(t) e (4 -sin(t), 4-cos(t), 0) dt
C, 0
2r
= | ~12:sin(t) +16-sin*(t) + 16 cos*(t) ~ 12+ cos(t) dt =327 .
0

Finally, H curlF-dS=_[ F'l'ly dt - _[ F'rlv dt=0.
S C C,

21. Quick check VxF=(0,0,0) so _U Cur]FodS:” (0,0,0)edS=0.
s s

23. Quick check VxF=(-1, -1, 1) .

The boundary curve of S can be parameterized by r = <2 -cos(t), 0, —5- Sin(t)> .

(goes counterclockwise looking back along the y-axis).
2

[[ cul FedS=] Fedr = [ (0. =5-sin(t), 2-cos(t))e (-2-sin(1), 0, —5-cos(®)) dt
S C

t=0
2

= | ~10-cos’(t) dt=-10m.
t=0
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25. Quick check VxF=(-1,0, 1) .

When z=0, x2 + y2 =25 is acircle of radius 5: 1] = (5 -cos(t), S-sin(t), O> .

2 2r
'[ Fe rlv dt = J (5 -sin(t), 0, 5~cos(t)>0 <—5 -sin(@), 5-cos(t), 0) dt = '[ -25. sinz(t) dt =251 .
C 0 0
When z=16, x2 + y2 =9 is acircle of radius : 1, = (3~cos(t), 3-sin(t), 16> .
2r
j F or2' dt = J <3-sin(t), 16, 3-cos(t)>- (—3-sin(t), 3-cos(t), 0) dt
c, 0
2r
= [ ~9-sin®() +48 cos(t) dt =97 . SO [[ curlFedS= [ For, di- [ Fer/ dt=—16x.
0 S o C,

15.10 Odd Answers

1.

11.

13.

15.

17.
19.

21.

Distance to the origin of P1is /14 =3.7 ,0of P2is /6 ~2.4,0f P3 is 4/8 2.8 , of P4is 42 =14 , of
P5is 4/12 =3.5 ,and of P6 is 119 ~4.4 .

(a) Only P4: net flux =6 ms. (b) P1, P2, P3, P4 and P5: net flux=(7)+(-3)+(2)+(6)+(-4)=8 ms.
Dist to center of P1is /10 =3.2 ,0f P2is /18 =4.2 ,0f P3is 0, of P4 is /6 =24 , of P5 is 2, and
of P6is /11 =323.

(a) Only P3: net flux=+2 m¥s. (b) P3, P4, P5: net flux=(+2)+(+6)+(—4)= +4 m¥s.

Outward flux sphere 1: 5m>/s. outward flux of sphere 2: 14m>/s. Net flux = (14)~(5)=9 m’/s.

divF =3 50 fux= [[[ div F v = 3(volume of E) = 3(%7:(2)3) - 3071 .
E
divF =250 flyx = m div F dV =2(volume of E) = 2- (%n(3)3j -7 .
E

divF =4 so ﬂuxzm dideV=(4)m 1dV =4 (volume of E) =(4)-(2)(3(4) = 96 .
E E

divF =2x+2y+2z SO fux = [[[ divF dV = (2x +2y +27) dx dy dz =216 .
E

SN
S —w
S

Ozﬂj dideV:” FOndsz_U FondS—” Fends S° the outward flux from the outer sphere
D S S Sy

equals the outward flux from the inner sphere.

divF = 0 atevery point so the Flux across every sphere is zero.

divF =1 atevery point so Flux across a sphere equals the volume of the sphere so the Flux across
every sphere is always positive.

divF = 2x+2y+2z (a) Flux =0 because of the symmetry of the triple integral

(b) Flux is positive because X, y and z are all positive in this sphere so the integral is positive.

(c) Flux is positive.



