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14.4 APPLICATIONS OF DOUBLE INTEGRALS

In Section 5.4 we used single integrals to determine the mass, moments about each axis, and the center of mass of a
thin plate (lamina) with uniform density &. In this section we will use double integrals to extend those ideas and

calculations to thin plates with varying densities.

Uniform density for a 2D region between f and the x-axis for a<x=<b

b
Total Mass: M =§- J. f(x) dx

a

h b
Moments: about y-axis My =0 J‘ x- f(x) dx about x-axis M, =5 J. %fz(x) dx
a a

M M
= — X
Center of mass: X = T/Ix . V=

If the density of the plate depends on the location (x,y) on the plate, then 0 is a function of x and y:
O(x,y) with units of the form (mass)/area such as kg/ m? .

Nonuniform density for a 2D region R in the xy-plane

Area: Area= H 1dA
R

Total Mass: M= ” o(x,y) dA
R

Moments: about y-axis My = ” x-8(x,y) dA about x-axis M, = ” y-8(x,y) dA

R R
M M
= — X
Center of mass: X = T/Ix . V=

Note: Be careful to use the x with My since the little dA piece is x

units from the y-axis. Similarly, use the y with the M, formula
since the little dA piece is y units from the x-axis.

dA

;. at (x.y)

N

Fig. 1
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Example 1: R ={(x,y):0<x<2and0<y<4 - x2} (Fig. 2).
(a) Determine the center of mass of R if the region has uniform density 0.

(b) Determine the center of mass of R if d(x,y) = x- y2 .

Solution: (a) Using double integrals,

M=[[ 8(xy) dam - T 4T 1 dy m:%-
R

x=0 y=0
2

4- 4- 5
M, = j fx dy dx=4 and p7 - j ny dy dx=
x=0 y=0 x=0 y=0
so f:gand y:§.
4 5
2

4—
) 8(x,y) =xy*, M= j fx~y2 dy i =2, M, =

x=0 y=0 3 x=0 y=0
4—y?
128 2 12
and M, = jl _ry~x-y2 dy dx:T $0 j:% and y:?.
x=0 y=0

Practice 1: R ={(x,y):0<x<2and0<y<4- xz}. Determine the center of mass of R if d(x,y) = x2. y.

Moments of Inertia (second moments) and Radii of Gyration

Moments of inertia are needed to calculate the kinetic energy of rotating objects and also for formulas for stiffness

of beams. Note that the second moments formulas are very similar to the first moment formulas but that they use

the squares x2 and y2 of the lever arms distances of the dA piece from the axes instead of just X and Y.

Moments of Inertia (second moments) of region R in the xy-plane

- 2 - 2
About the x-axis: I, = ‘U ye- 5(x,y) dA About the y-axis Iy = ‘U x<. 5(x,y) dA
R

R
About the origin: [, = ” (xz +y2). O(x,y) dA=1, +1,,
R

Radii of Gyration of region R in the xy-plane

1 1 ’I
About the x-axis: R, = Mx About the y-axis: Ry = My About the origin: Ry = MO

The moment of inertia about the origin, Iy , is also called the polar moment, and that integral uses the

square of the distance of the dA piece from the origin.
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The radius of gyration R, is the distance from the x-axis that a point with mass M must be in order to

give the same moment of inertia I,: I, = M- R)% .

Example 2: If the units of x and y are meters and the units of §(x,y) are kg/ m? , determine the units

for I, and R,..

Solution: dA = dx- dy has units m2, s0 [, = ” y2' 8(x,y) dA hasunits ;2. L% m> =kg m?> .
m

R
2
I kg
R, =l fhem”
M kg

Practice 2: If the units of x and y are feet and the units of J(x,y) are slug

Ji

for I, and R,.. (One slug of mass in the British system is approximately 14.594 kg.)

Example 3: Suppose x and y are given in meters and the triangular region R={(x,y):

0<x<2 and 0<y<4-2x} (Fig. 3) has uniform density d(x,y) =9 k—é;
m

Calculate M, X, [, , and R,..

4-2x
Solution: )/ = ”5 dA = T 0 dy dx = ‘T 0- (4-2x) dx =40 kg
R 0 O 0

0 0

0

Practice 3: Calculate y, y » and Ry for the region R in Example 3.

Example 4: R is the quarter circle of radius 2 in the first quadrant with density
o(r,0) =1+r. (Fig. 4) Calculate M, X, I, and R,.

T2 w2
14 7
Solution: M=H6 dA = f jl (I+r)-r dr d6 = f 3 d9=§7r

R 0=0 r=0 0

> determine the units

4-2x 8
sz.s dy dx:T 8(4x —2x?) dx=28 ke

0
4-2x
32
Ix=J y2~5 dA=T J2y2~5 dy dx:j‘ 2(4—2)()3 dx:? kg m?
0

or0)=1+r
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i 7290
My=”x~6 dA = f j r-cos(0) (1+r) r dr dO = _f ?005(9) d9=?

R 0=0 r=0

w2 T 52
I=]]y26 aa= f j‘ r2-sin®(0)- (1+r)- r dr d6 = f ?sinz(B) do=—n

R 0=0 r=0

M 20 1 39
o y=—2 =" ~0909 and R_=,-% =.—=1.056.
XY= T 000 *“\m 35
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20

0

2 13

0 5

Note: Because of the symmetry of the R and &, then y =X, Iy =1/, ,and Ry =R, .

Problems

In problems 1 to 8 use double integrals to calculate the area, total mass, the moments about each axis, and

the center of mass of the region. Plot the location of the center of mass on the region.

10.

11.

12.

13.

14.

R is the rectangular region bounded by the x and y axes and the lines x=2 and

y=4 with 8=1.

R is the rectangular region bounded by the x and y axes and the lines x=2 and

y=4 with é = xy.

R is the shaded region in Fig. 5 and 8(x,y) =1+ x.
R is the shaded region in Fig. 5 and &(x,y) =1+y.
R={(x,y): 0=x<3, 0<y<l+x} and &(x,y)=x+y.

R={(x,y): 0<x<3, 0<y<l+x} and &(x,y)=1+y.

R is the shaded region in Fig. 6 and 8(r,0) =1.
R is the shaded region in Fig. 6 and 8(r,0) =r.

R={(r, 6): 0£0< 7, 0<r<l+cos¥)} and 6(r,0)=r. (Fig.7)
R={(r, 6): 0<0< 7, 0<r<l+cos(®)} and 6(r,0)=1+r. (Fig.7)
Calculate the values of [, and R for the region in Problem 1.
Calculate the values of y and Ry for the region in Problem 1.

Calculate the values of [, and R for the region in Problem 2.

Calculate the values of y and Ry for the region in Problem 2.

Fig. 6

=1+cos(0)
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In Problems 15 to 20, use the fact that the attractive gravitational force between two points with masses M

and m at a distance of r is force = m (It helps to sketch the regions.)

r
15. Represent the total force between a point mass of 10 kg at the origin and a bar from x=2 to x=4 m on

the x-axis with a mass of 8 kg. (This is a single integral.)

16. 15. Represent the total force between a point mass of M kg at the origin and a bar from a to bm

(0<a<b) m on the x-axis with a mass of m kg. (This is a single integral.)

17. Represent the total force between a bar along the x-axis from 0 to 2 with mass of 10 kg and another bar

on the x-axis from 4 to 7 with a mass of 9 kg. (This is a double integral.)

18. Represent the total force between a bar along the x-axis from a to b with total mass M and another bar

on the x-axis from c to d with a mass of m (a<b<c<d). (This is a double integral.)

Practice Solutions

Practice 1: R ={(x,y):0<x<2and0<y<4- xz}. Determine the center of mass of R if d(x,y) = x2. y.

4-x° 4—x2
2 512 16
(6(x,y)=x"y, M= '7[ fxz-y dy dx=—7> M, j _rx-xz-y dy dx=—
105 3
x=0 y=0 x=0 y=0
N 8192 35 16
and M = '7[ f cx2y o dy de=—2% so x=22 and y=-2 .
x AT @S T T T YT

x=0 y=0
2
Practice 2: dA= dx- dy has units ft 0 [, _” y~- 8(x,y) dA has units ft 2 ft =slug- ft* .

[
M= _U o(x,y) dA—S]lcug ft =slug 0 R, \/7 1 ° L;él’u: = feet.

e 1 16
Practice3: M, = ”y-5 dA:j‘ Jzy.S dy dx =j’ 5 ~(4-2x)% dx=—6
R 0 0 2 3

0
m
4-2x
I :ij2~5 dA=j J2x2'5 dy dx=j 0 x (4-2x) dx:§5 kg m?
0 0

0
I 8/3 6 2
s0 Ry = —y=1/7 m? =1/—z0.816 m
M 45 3



