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Here we use the notation ||P|| to mean
“the mesh of P” and we assume b > a so
that [4, b] is not a single point.

The dx is a differential (see Section 3.6),
the limit of the discrete quantity Ax in
the Riemann sum.

upper integration

/ endpoint
b
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You may have noticed that we did not pre-

cisely define what H 11Hm means or how
P||—0

to compute this limit. Providing a defi-
nition turns out to be more complicated
than the limits we have encountered so
far, and in practice we will rarely need to
compute such a limit, so a formal defini-
tion is left to more advanced textbooks.

4.2 The Definite Integral

Each particular Riemann sum depends on several things: the function f,
the interval [a, b], the partition P of that interval, and the chosen values
¢k from each subinterval of that partition. Fortunately — for most of the
functions needed for applications —as the approximating rectangles
get thinner (and as the meshes of the partitions P approach 0 and the
number of subintervals 7 in those partitions approaches o) the values
of the Riemann sums approach the same number, independent of the
particular partitions P and the chosen points ¢ in the subintervals of
those partitions.

This limit of the Riemann sums will become the next big topic in
calculus: the definite integral. Integrals arise throughout the rest of this
book and in applications in almost every field that uses mathematics.

Definition of the Definite Integral:
n

If lim | Y f(ck)-Ax, | equals a finite number I, where each P
IPI=0 \x=1

is a partition of the interval [a, b], then we say a bounded function f
is integrable on the interval [g, b] and call the number I the definite

b
integral of f on [a,b] and write it as / f(x)dx.
a

b
We read the symbol / f(x)dx as “the integral from a to b of ‘eff’
a

of x ‘dee” x” or “the integral from a to b of f(x) with respect to x.”
Furthermore, we call f(x) the integrand, a the lower endpoint of inte-
gration and b the upper endpoint of integration. (We will sometimes
also call 2 and b the upper and lower limits of integration.)

1
Example 1. Describe the area between the graph of f(x) = = the
x-axis, and the vertical lines at x = 1 and x = 5 as a limit of Riemann
sums and as a definite integral.

1
Solution. Here f(x) = 0= 1and b =5, so:

"1 51
area = lim Z — - Axy :/ —dx
IPI—=0 \g=7 Ck 1 X

which, according to estimations made in Section 4.1, is approximately
equal to 1.609. <

Practice 1. Describe the area between the graph of f(x) = sin(x), the
x-axis, and the vertical lines at x = 0 and x = 7t as a limit of Riemann
sums and as a definite integral.



Example 2. Using the concept of area, determine the values of:

n
(@) lim Z (14 cg) - Axg | on the interval [1, 3]
IP1=0 \ =

4
(b) ./0 (5—x) dx

() /_11 V1—x2dx

Solution. (a) The limit of the Riemann sums represents the area be-
tween the graph of f(x) =1+ x, the x-axis, and the vertical lines at
x =1 and x = 3 (see margin); this area equals 6 square units.

(b) The definite integral represents the area between f(x) =5 — x, the
x-axis and the vertical lines at x = 0 and x = 4, which is a trapezoid
with area 12 square units.

(c) The definite integral represents the area of the upper half of the

circle x2 + y? = 1, which has radius 1 and center at (0,0). The area
1 T

f thi icircleis = -2 = = -1 = =,

of this semicircle is ST = 5

<
Practice 2. Using the concept of area, determine the values of:
n -8
(@) lim (2¢k) - Axy | on the interval [1, 3] (b) / 4dx
P[0 k:Zl 3

Example 3. Represent each limit of Riemann sums as a definite integral.

IPI=0 \x=1 IPI=0 \i=1

(@) lim (i (3+ck) Axk> on [1,4] (b) lim (i \/ank> on [0,9]

4 9
Solution. (a) /1 3+ x) dx () /0 VT dx <

Example 4. Represent each shaded area in the margin figure as a
definite integral. (Do not attempt to evaluate the definite integral, just
translate the picture into symbols.)

2 "TC
Solution. (a)/ (4—x2) dx (b)/ sin(x) dx |
J=2 0
b
The value of a definite integral / f(x)dx depends only on the
a
function f being integrated and on the interval [a,b]. Replacing the
variable x that appears in / f(x)dx, sometimes called a “dummy

variable,” does not change the value of the integral. The following
definite integrals each represent the integral of the function f on the
interval [a,b], and they are all equal:

i = [rwa = [ fwae = [ fw)dw
I | | |
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Definite Integrals of Negative Functions

A definite integral is a limit of Riemann sums, and you can form
Riemann sums using any integrand function f, positive or negative
(or both), continuous or discontinuous. The definite integral of an
integrable function will still have a geometric meaning even if the
function is sometimes (or always) negative, and definite integrals of
negative functions also have meaningful interpretations in applications.

Example 5. Find the definite integral of f(x) = —2 on [1,4].

Solution. Writing a Riemann sum for f(x) = —2 on the interval [1, 4]:

n

f fleg) - Dxp=) (=2) Axj=—-2- f Axy = —2(3) = —6
k=1

k=1 k=1

for every partition P and every choice of values for cj so:

4 n
/—de: lim <Z(—2).Axk>: lim —6=—6
1

IPI=0 \x=1 IPl—0

The area of the region in in the margin figure is 6 units, but because
the region is below the x-axis, the value of the integral is —6. <

If the graph of f(x) is below the x-axis for a < x < b (f is negative)

then / f(x)dxis —1 times the area of the region below the x-axis and

above the graph of f(x) between x = a and x = b.

If f(t) represents the rate of population change (people per year)
for a town, then negative values of f for a given time interval would
indicate that the population of the town was getting smaller, and the
definite integral (now a negative number) would represent the change
in the population —a decrease — during that time interval.

Example 6. In 1980 there were 12,000 ducks nesting around a lake. The
rate of population change is shown in the margin. Write a definite
integral to represent the total change in the duck population between
1980 and 1990, then estimate the population in 1990.

1990
Solution. The total change in population is given by / f(t)dt and
1980

this definite integral is equal to —1 times the area of the rectangle in
the margin figure:

ducks
year

—200

- 10 years = —2000 ducks
so:

[1990 population] = [1980 population] + [change from 1980 to 1990]
= 12000 + (—2000) = 10000

Approximately 10,000 ducks were nesting around the lake in 1990. <«



If f(t) represents the velocity of a car (in miles per hour) moving
in the positive direction along a straight line at time t, then negative
values of f indicate that the car was travelling in the negative direction
(that is, backwards). The definite integral of f (the integral will be a
negative number) represents the change in position of the car during
the time interval: how far the car travelled in the negative direction.

Practice 3. A bug starts at the location x = 12 on the x-axis at 1:00 p.m.
and walks along the axis with the velocity shown in the margin figure.

How far does the bug travel between 1:00 p.m. and 3:00 p.m.? Where is
the bug at 3:00 p.m.?

Frequently an integrand function will be positive some of the time
and negative some of the time. If f represents a rate of population
increase, then the integral of the positive parts of f will give the increase
in population and the integral of the negative parts of f will give the
decrease in population. Altogether, the integral of f over the entire
time interval will give the total (net) change in the population.

Geometrically, we can now interpret a definite integral as a difference
of areas of the region(s) between the graph of f and the horizontal axis:

b
/ f(x) dx = [area above x-axis] — [area below x-axis]
a

2 4
Example 7. Use the margin figure to calculate / f(x)dx, / f(x)dx,
0 2
5 5
/ fF(x)dx and / F(x) dx.
4 0
2
Solution. Using the areas indicated in the figure, / flx)dx = 2,
0

4 5 .
[ F)dx =5 and [ f(x)dx =2, while

5
/ f(x)dx = [area above x-axis| — [area below x-axis]
0
=[2+2]-5=-1

where we added the areas of the regions above the x-axis and subtracted
the area of the region below the x-axis. <

27
Practice 4. Use geometric reasoning to evaluate / sin(x) dx.
0

If f represents a velocity, then integrals on the intervals where f is
positive measure distances moved in the forward direction and integrals
on the intervals where f is negative measure distances moved in the
backward direction. The integral over the whole time interval gives the
total (net) change in position: the distance moved forward minus the
distance moved backward.
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20 Practice 5. A car travels west with the velocity shown in the margin.
é 10+ (a) How far does the car travel between noon and 6:00 p.m.?
o)
B I (b) At 6:00 p.m., where is the car relative to its position at noon?
g 1
£ a0+ P
S
o . 3 .
" 20+ Units for the Definite Integral

We have already seen that the “area” under a graph can represent
quantities whose units are not the usual geometric units of square
meters or square feet. For example, if x measures time in “seconds”
and f(x) gives a velocity with units “feet per second,” then Ax has the
units “seconds” and f(x) - Ax has units:

feet
(secon d) (seconds) = feet

which is a measure of distance. Because each Riemann sum Z f(x)-Ax
is a sum of “feet” and the definite integral is a limit of these Riemann
sums, the definite integral has the same units, “feet.”
If the units of f(x) are “square feet” and the units of x are “feet,”
b
then / f(x) dx is a number with the units (feet?) - (feet) = feet®, or
a

cubic feet, a measure of volume. If f(x) represents a force in pounds

and x is a distance in feet, then / f(x)dx is a number with the units
a
foot-pounds, a measure of work.

b
In general, the units for / f(x) dx are (units for f(x)) - (units for x).

A quick check of the units when computing a definite integral can help
avoid errors when solving an applied problem.

4.2 Problems

> Vek - Ax

In Problems 1—4 , rewrite each limit of Riemann In Problems 5-10, represent the area of each
sums as a definite integral. bounded region as a definite integral. (Do not at-
n tempt to evaluate the integral, just translate the area
1. H7’H—>0 (1(_21 24 3ck) Axk) on [0,4] into an integral.)
n : — 43 :
5. The region bounded by y = x°, the x-axis, and
2 \|71>1|I\ll0 (k:zl Axk) on [0, 11] the lines x =1 and x = 5.
i cos(5¢¢) - Axg | on [2,5] 6. The region bounded by y = /X, the x-axis and
H7’|H0 = k) k the line x = 9.
( n

on [1,4] 7. The region bounded by y = x - sin(x), the x-axis,
and the lines x = % and x = 2.



8. The shaded region shown below:

y = 8- x°

|
1 2

9. The shaded region shown below:

y = In(x)
1+

L) ==

A

10. The shaded region shown above for 2 < x < 3.

In Problems 11-15, represent the area of each
bounded region as a definite integral, then use geom-
etry to determine the value of that definite integral.

11. The region bounded by y = 2x, the x-axis, and
the lines x = 1 and x = 3.

12. The region bounded by y = 4 — 2x, the x-axis and
the y-axis.

13. The region bounded by y = |x|, the x-axis and
the line x = —1.

14. The shaded region shown below left.

oy =1+ |x-1]
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16. Evaluate each integral using the figure below
showing the graph of f and various areas.

e area =2

arcéa =

3
5 5 7
@ [ fdxe ®) [ fdx © [ fdx

(d) /O fOldx (@) /3 " f(x) dx

17. Evaluate each integral using the figure below
showing the graph of g and various areas.

area=3 area=6
1 2 5 6 T 8
&areaZI

3 4 8
@ [ g © /3 gsdx (© [ glxdx

8 8
@ [ gdx @ /3 g(x)| dx

18. Evaluate each integral using the figure below
showing the graph of h.

ey _______________

15. The shaded region shown above right.

2 ——
|
— —— —
2 | 2 4NLS6
1 6 6
(a) /ﬂh(x) dx (b)[1 h(x)dx (©) /72;1(3() dx
(d) /,2’1(X>d ® 12|h(x)l dx  (f) [2|h(x)| dx
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For Problems 19—20, the figure shows your velocity Problems 21-27 give the units for x and f(x). Spec-
(in feet per minute) along a straight path. (a) Sketch
a graph of your location. (b) How many feet did
you walk in 8 minutes? (c) Where, relative to your ~ 21. x is time in “seconds”; f(x) is velocity in “meters

b
ify the units of the definite integral / f(x)dx.
a

starting location, are you after 8 minutes? per second”
. . 7 ”. . L7,
19. See figure below left. 22. xis time in “hours”; f(x) is a flow rate in “gallons
per hour”

4 23. x a position in “feet”; f(x) area in “square feet”
£ =7 24. x is a time in “days”; f(x) is a temperature in
= 2T .
k=) é‘ “degrees Celsius”

2 7T
g Lo %’ 25. x a height in “meters”; f(x) force in “grams”
> | \ 1 2
T ! [ . s . . . e
N 26. x is a position in “inches”; f(x) is a density in
T T T I I I I I
4 6 8 “pounds per inch”
time (minutes)
27. x is a time in “seconds”; f(x) is an acceleration
. . : " 7 ft
20. See figure above right. in “feet per second per second (—S o CZ)

The remaining problems use the summation formulas given at the end
of Section 4.1, as demonstrated in the following Example.

Example 8. For f(x) = x2, divide the interval [0,2] into 1 equally wide
subintervals, evaluate the lower sum, and compute the limit of that
lower sum as n — oo.

Solution. The width of the interval is b 77 a =2 — 0 = 2 so each of the
n subintervals should have width Ax = — a

2
= The endpoints of

n
the k-th interval in the partition are therefore (k — 1) = and k- 2 for
k=1,2,...,n

Because f(x) = x2

is increasing on [0,2] the minimum value of
the function on each subinterval occurs at the left endpoint of the
subinterval, hence we need to choose ¢y = (k—1) - 2. So

n n 2 n
1= Y fle) bk = 3. (<k—1>j) 2—n ) k-1
k=1 k=1 =1
K — sz + f 1]
k=1 P

|
xw‘ [e'e)
M:
_|_ A
I\)
»
+
—_
~——
w\
M

_ 8 [n(n 1)(2n+1)_2 n(n+1)+n _ 8 [2n®—3n’ +n
s 6 2 ol 6

8 3 1

St

2
Asn — o0, LS — 2(2) = g s0 we can be certain that/ X2 dx
0

w\oo
A



Practice 6. Redo Example 6 but find the upper Riemann sum for n
equally wide partition intervals and show that the limit of these upper

sums, as n — 0o, is 3

From the previous Example and Practice problem, we know that

8 2, 8
< < Z
3= /0 x“dx < 3
2, 8
so we can conclude that / x° = 3 We will discover a much easier

0
method for evaluating this integral in Section 4.4.

28. For f(x) = 3 + x, partition the interval [0,2] into n equally wide

subintervals of length Ax = %

(a) Compute the lower sum for this function and partition, and calcu-
late the limit of that lower sum as n — co.
(b) Compute the upper sum for this function and partition and find

the limit of the upper sum as n — co.

29. For f(x) = 3, partition the interval [0,2] into n equally wide subin-
tervals of length Ax = 2.

(a) Compute the lower sum for this function and partition, and calcu-
late the limit of that lower sum as n — .
(b) Compute the upper sum for this function and partition and find
the limit of the upper sum as n — oo.
30. For f(x) = /x, partition the interval [0,9] into n subintervals by
9
taking x; = = K fork=1,2,...,n.
(@) Choose c; = xj for each subinterval and compute the upper sum

for this function and partition, then calculate the limit of that
upper sum as 1 — oo.

(b) Compute the lower sum for this function and partition and find
the limit of the lower sum as n — co.
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4.2 Practice Answers

n s
1. area = lim (Z sin (ck)-Axk> :/ sin(x) dx
0

IPI=0 \x=1

6+ yorx £ n
y=2x 2. lim | ) (2c) - Axg | = area of trapezoid in margin = 8
1 [PI—=0 \ ;=

8
/ 4 dx = area of rectangle in margin = 20
3

3. (@) 12.5 feet forward and 2.5 feet backward = 15 feet total

(b) The bug ends up 10 feet forward of its starting position at x = 12,
so the bug’s final location is at x = 22.

]
[

1 2 3 4. Between x = 0 and x = 27, the graph of y = sin(x) has the same

area above the x-axis as below the x-axis so the two areas cancel and

27
y=4 the definite integral is 0: / sin(x) dx = 0.
0

5. (a) 20 miles west (from noon to 2:00 p.m.) plus 60 miles east (from
2:00 p.m. to 6:00 p.m.) yields a total travel distance of 8o miles.
(At 4:00 p.m. the driver is back at the starting position after

| driving 40 miles: 20 miles west and then 20 miles east.)

3 8 (b) The car is 40 miles east of the starting location. (East is the
“negative” of west.)

2-0 2 2
6. Ax = — :E,Mk:%-ksof(Mk):(%-k) = % -Kk%. Then:
n n 4 2 2
US:Zf(Mk)'Ax:Z*z'k~*
k=1 k=1 " n
8%, 8[l, 1, 1] 8 4 4
DR PR R I R

- .8
so the limit of these upper sums as n — oo is 3
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