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Direction field for y' = x+y

Each indefinite integral yields a constant,

but these are not necessarily equal.

6.3 Separable Equations

So far, we have only learned how to solve ODEs of the form i’ = f(x)
(which you already knew how to solve), where i’ depended only on x
and the slopes of the line segments of a corresponding direction field
did not depend on the y-coordinate of the location of the line segment.
In many situations, however, y’ depends on both x and y, for example,
y' = xy (see first margin figure for a direction field) or y’ = x + y (see
second margin figure for a direction field).

In Example 2 of Section 2.9, we considered the problem of finding a
tangent line to the circle x> + y* = 25 at the point (3,4). You can solve
this problem geometrically. Or you can solve the equation for y to get

= v/25 — x? and then compute 4y

the equation x? + y? = 25, keeping in mind that y is a function of x:

dx’
dy _ dy dy _
The result is a differential equation (although we didn’t call it that in
Section 2.9) and putting x = 3 and y = 4 into the right side of that

ODE yields Zy T which gives us the slope of the line tangent to
the circle at the point (3, 4)

Or you can implicitly differentiate

X

X2pyt =25 = 2x+2y- = 2x =

What if we start with % = -2 and try to solve this ODE? It is not

of the form iy’ = f(x), but we can try to solve it by beginning to reverse
the steps in the implicit differentiation process above:

dy
dx

X

y

dy _
dx

= —X

y .

dy

Each side of this new ODE is a function of x because y and oy are

functions of x, so we can integrate both sides of this equation to get:
1
—-x2+ @)

dy . _ [ 1o _
/y-ﬁdx—/—xdx = 5 +C = 5
The integration on the left-hand side of this equation uses the fact that:

d 1,1 1 dy  dy
T [zy] BERAETRRAFT:

but this is the same result as if we had “cancelled” the dx in the original

left-hand integral:

dy _ 15
/%EdX—/ydy— S+ G
so in our first steps above we could have instead rewritten the ODE

using differentials:

ay _
dx

X

y

dy

ydx

=—x = ydy=—xdx :>/ydy:/—xdx



and then integrated both sides. (We will follow this procedure as we
solve similar ODEs from now on.) We can now move both constants of
integration to the same side of the equation:

%yz = —%xz +[C—C] = %yz = —%xz +K
where K is another arbitrary constant. Because we can always move the
left-hand constant to the right side of the equation and combine it with
the right-hand constant, in the future we will use a single constant on
the right side when integrating both sides of the differential equation.
At this stage we can write:

%}ﬁ = —%x2+K = =242k = 2>+ =C
where C is yet another arbitrary constant. We recognize this as an
equation for a circle centered at the origin and we call a solution of this
type an implicit solution to the ODE because we have not explicitly
solved for y. If we know our solution curve passes through (3,4), we
can put this information into our solution equation to get:

3¥442=C=C=2 = 2>+y>=25

Solving for y, we get y = /25 — x2, an explicit solution to the ODE.

Separable Equations

In the ODE we solved above, we were able to “separate” the variables
so that only y appeared on one side and only x appeared on the other,
allowing us to integrate each side separately to solve the ODE.

Definition: A differential equation is called separable if we can
separate the variables algebraically so that the equation has the
form:

Example 1. If possible, separate the variables in each ODE by writing
the given differential equation in the form g(y) -y’ = f(x): @) ¥ = xy

Cy+1 _ 14sin(x) B B
(b)xy’—T (C)y,_y27+y Dy =y @y =x+y
Solution. (a) Divide each side of ¥’ = xy by y (to do so we must

assume y # 0) to get ; -y =xs0g(y) = ; and f(x) = x.

(b) Divide each side by x(y + 1) (to do so we must assume x # 0 and
1 1 1
y#—l)togetyH-y’=psog(y)= and f(x) = .

y+1
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We first get y = +1/25 — x2 but knowing
that y(3) = 4 tells us to use the + symbol
rather than the — symbol.
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(c) Multiply each side by y> + y to get (y2 + y) -y’ = 1+sin(x) so
¢(y) =y?>+yand f(x) = 1+sin(x).

(d) Divide each side by y (to do so we must assume y # 0) to get
;q/ =1s0g(y) = ; and f(x) = 1.

(e) We cannot write this ODE in the form g(y) -y’ = f(x).
The first four ODEs are separable, but the last one is not. <

Practice 1. If possible, separate the variables in each ODE by writing
the given differential equation in the form g(y) -y’ = f(x):

3

! — 3 (1 — —
@y =x(y—5) by 2x + x -sin(y + 2)
Solving Separable ODEs
To solve a separable differential equation, we will follow the steps
outlined above when solving by _ .
dx y

e Use algebra to separate the variables in the ODE: g(y) - v’ = f(x)
e Put into an equivalent form using differentials: g(y) dy = f(x) dx
e Integrate each side of the equation: / Sly)dy = / f(x)dx

* Find antiderivatives, if possible: G(y) = F(x) + C

e If given an initial condition (xg, yo), find C: C = G (yo) — F (%)

¢ If possible, solve explicitly for y.

1
Example 2. Find the general solution of < y = =

2y’
Solution. Multiply each side by 2xy to get 2y -y’ = x?, so the ODE is
separable and we can translate it into differential form:

dy _ > )
2y i = 2ydy=x"dx
Integrating each side, we get:

/Zydy:/xzdx = yzzéxg—b—c

which is an implicit form of the general solution. Solving for y, we get:

1
y:i\/§x3+c

which is an explicit form of the general solution. <



6x+1

Example 3. Find the solution of i’ = that satisfies y(2) = 3.

Solution. We can rewrite this ODE as 2y - y' = 6x + 1, so it is separable.

Next rewrite using differentials:
dy
2y - Ix =6x+1 = 2ydy=(6x+1)dx
and then integrate each side:
/2ydyz/(6x+1) dx = y*=3x>+x+C
Putting x = 2 and y = 3 into the general solution y?> = 3x? + x + C:
3=3.22424C = 9=12+24C = C=-5
Soy?=3x>+x-5 = y==+v3x2+x—5. Because y(2) = 3, we

need the + value of the square root: y = v/3x2 4+ x — 5. <

1 —sin(x)

37 and then find

Practice 2. Find the general solution of v =

the solution that passes through (0, 2).

Sometimes algebra is the hardest part of solving an ODE, and often
logarithms crop up when solving separable equations.

Example 4. Solve x -y’ =y + 3.
Solution. To write the ODE in the form g(y) - ¥ = f(x) we can divide
by x and by y + 3 (so we must assume that x # 0 and y # —3):

dy 1 dy 1 11

y+3dx «x ~ y+3dy_ xdx
Now integrate both sides:
1 1

l/:gqjédy«—l/z;dx = ln(|y%*3D —-hqu|)+’c

which is an implicit form of the general solution. To explicitly solve for
y, recall that ¢™(®) = g so:

eln(|y+3‘) — eln(|x‘)+c — eln(lx‘) . eC = |y—|—3| = ec . |x|
Removing the absolute value signs we get:
y+3==4e-x = y=+x-3 = y=Ax-3

where A is any nonzero constant. In the first step above, we had to
assume that y # —3. You can check that the constant function y = —3
is also a solution to the ODE: x - [-3]' = —3+3. Soy = Ax —3isa
solution of the ODE even when A = 0, and the general solution of the

ODE is y = Ax — 3 for any value of A. <
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In an initial value problem, it is often
easier to solve for C immediately after
finding the antiderivatives.

Study the direction field for x -y =y +3
shown below. What do you notice about
its behavior near the lines x = 0 and
y=-3?

VI Lttt e
IR AR E s
I e aed
IR R
L\ttt
AN N NSNS S S S~
AN NN NSNS SN
AV NN N NN NSNS S
IR R R NN
LR A N
TR AT I NN NN
VAUV VNN N NN NN N

-~ ==~

NSNS mmm
RN N

—-— ===~ PSS

I S~ == = = =

N = mm -

,
,,,,,, ~
PN,
< 2

The domain of any particular solution of
the form y = Ax — 3 is either (—c0,0) or
(0, c0), which is related to the assumption
that x # 0 in our solution. Putting x =0
into the original ODE yields 0 = y + 3 =
y — 3, so the only solution for which x =
0 is the single point (0, —3) rather than a
function defined on an open interval.
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Can you see why?

In a course on differential equations, you
will learn about a theorem that specifies
restrictions on a first-order IVP that will
guarantee a unique solution.

6.3 Problems

1. The direction field of the separable ODE y' = 2xy
appears below. Sketch solutions of the ODE that
satisfy the initial conditions y(0) =1, y(0) = —1

Existence and Uniqueness

In Section 6.2, we saw that any IVP of the form y' = f(x), y (x0) = yo
had a unique solution: that is, at least one solution to the IVP exists,
and this solution is the only possible solution. Unfortunately, for other
types of IVPs things can be more complicated.

The ODE 42 + (y)* = —1 has no solution, no matter what initial
value condition we might specify. The ODE 2 + (')* = 0 has only
one solution (the constant solution y = 0) so the IVP y2 + (y/)* = 0,
y(0) = 0 has one unique solution, but the IVP 12 + (v/)> = 0, y(0) = 5
has none.

Even separable equations can behave in unexpected ways. Consider
the IVP y = 3y3, y(0) = 0. The ODE is separable (if y # 0):

dy _
=3

: 34

Y dx

1 1 2
= gy 1 = gy Sdy =dx

Integrating both sides:

/%y_%dy:/ldx = y%

Using the initial condition, 0 = y(0) = (0+C)> =C® = C =0so
y = x° solves the IVP. But we had to assume that y # 0; checking the
constant function y = 0, [0 = 3- 03 and y(0) =0, so y(x) = 0 also

satisfies the IVP, giving the IVP two solutions: y(x) = 0 and y(x) = x°.

=x+C = y=x+0C)?

2. The direction field of the separable ODE y' = x/y
appears below. Sketch solutions of the ODE that
satisfy the initial conditions y(0) =1, y(0) = —1

and y(1) = 2. and y(1) = 2.
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In Problems 3-10, solve the separable ODE. 12. y = Y for y(0) =3,y(0) =5and y(1) = 2.
y
3. ¥ =2xy 4.y = o 13. v’ =3y for y(0) =4, y(0) =7 and y(1) = 3.
y

14. y' = =2y for y(0) =4, y(0) =7 and y(1) = 3.
5. (1+x%)-y =3 6. xy =y+3

15. ¥ =5(2—y) for y(0) = 5 and y(0) = —3.
7.y - cos(x) =¥ 8.y =x%y+3y 16. y' =7(1—y) for y(0) =4 and y(0) = —2.
9. ¥ =4y 10. ¥ =52 —v) 17. (1+x2) -y =3fory(l) =4 and y(0) = 2.

18. xy’ =y + 3 for y(1) = 20.
In Problems 11-18, solve the separable ODEs subject vy v

to the given initial conditions. 19. For xy' =y +3, can y(0) = 2?
11. ¥’ = 2xy for y(0) = 3, y(0) =5and y(1) = 2. 20. Find all solutions to the IVP ¥’ = /¥, y(0) = 0.

6.3 Practice Answers

1. (@) If y # 5, divide the ODE y/ = x3(y — 5) by y — 5 to get

ay _ 5 _ 1 _ 3
i sog(y)—y_Sandf(x)—x.

y—5

(b) Factor x out of the denominator on the right-hand side and
multiply both sides of the ODE by 2 + sin(y + 2) to get:

dy _ 3 dy 3

dx  x[2+sin(y +2)] = [2+sin(y+2)]-a T x

so g(y) =2+sin(y +2) and f(x) = %

2. Multiply both sides of the ODE by 3y? to get:

d
3y2-d—y

o 1-sin(x) = 3y*dy = [l —sin(x)] dx

and integrate:
/3y2 dy = / [1—-sin(x)] dx = y>=x+cos(x)+C

This is an implicit form of the general solution; an explicit general
solution is y = {/x + cos(x) + C.

Using the initial condition y(0) = 2 with the implicit form of the
general solution:

22=0+cos(0)+C =8=14+C = C=7

so the solution to the IVP is y = {/x + cos(x) + 7.
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