8.5 Integrals of Trigonometric Functions

In the previous section, we learned how to turn integrands involving
various radical and rational expressions containing the variable x into
functions consisting of products of powers of trigonometric functions
of 6. An overwhelming number of combinations of trigonometric
functions can appear in these integrals, but fortunately most fall into
a few general patterns —and most can be integrated using reduction
formulas and integral tables. This section examines some of these

patterns and illustrates how to obtain some of their integrals.

Products of sin(ax) and cos(bx)

We can handle the integrals [ sin(ax) - sin(bx) dx, | cos(ax) - cos(bx) dx
and [ sin(ax) - cos(bx) dx by referring to the trigonometric identities
for sums and differences of sine and cosine:

sin(A + B) = sin(A) cos(B) + cos(A) sin(B)
sin(A — B) = sin(A) cos(B) — cos(A) sin(B)
cos(A + B) = cos(A) cos(B) — sin(A) sin(B)
cos(A — B) = cos(A) cos(B) + sin(A) sin(B)

By adding or subtracting pairs of identities, we can write products such
as sin(ax) cos(bx) as a sum or difference of single sines or cosines. For
example, by adding the first two identities, we get:

2sin(A) cos(B) = sin(A + B) + sin(A — B)
= sin(A) cos(B) = % [sin(A + B) 4 sin(A — B)]
Using this last identity (for a # b):
/sin(ax) cos(bx)dx = / % [sin ((a+Db)x) +sin ((a — b)x)] dx
1 [ cos((a+b)x) cos((a—b)x)
2

a+b B a—>b
The other integrals of products of sine and cosine follow similarly.

|+c

If a # b, then:
n((a—b)x) sin((a+b)x)
/sm(ux) sin(bx) d =3 { — e } LC
/cos(ax) cos(bx) dx = % { ( bb sin ({E“_:‘bb)x)} LC
/sm(ax) cos(bx) dx = _% {COS (é s bb)x) cos (ézz;—bb)x)} LC
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Integrals of functions of this type also
arise in other mathematical applications,
such as Fourier series.
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If a = b, we have already developed the relevant integral patterns:

"o _ x _ sin(2ax) _ x _ sin(ax) - cos(ax)
./sm (ax)clx—2 —a +C—2 % +C
’ _ x| sin(2ax) _ x , sin(ax) - cos(ax)
/cos (ax)dx—z—i-izm +C—2+ o +C
2
) _ sin”(ax) 1 —cos(2ax)
/ sin(ax) cos(ax) dx = 5 +C= 1 +C

The first and second of these integral formulas follow from the identities
sin?(ax) =  — } cos?(2ax) and cos?(ax) =  + 1 cos?(2ax). The third
can be obtained by changing the variable to u = sin(ax).

Powers of Sine and Cosine Alone: / sin”(x) dx or / cos” (x) dx

We can find antiderviatives of sin”(x) or cos” (x) using integration by
See Problems 25 and 26 from Section 8.2. parts or reduction formulas that we obtained using integration by parts.
For small values of n we can also find the antiderivatives directly.
For even powers of sine or cosine, we can reduce the exponent
by repeatedly applying the identities sin*() = 1 — 1 cos(26) and
cos?(0) = % + 4 cos(20).

Example 1. Evaluate / sin*(x) dx.

Solution. Applying the identity for sin?(6), we can write sin?(x) as:

[sinZ(x)}2 = E - ;cos(Zx)} : = % [1 —2cos(2x) + cosz(Zx)}

and integrating gives:

1
/sin4(x) dx = ZL/ [1 —2cos(2x) + cosz(2x)} dx
1 : x 1.
=1 {x —sin(2x) + 5tg sm(4x)} +C
3 1 . .
=g¥ 1 sin(2x) + - sin(4x) + C
using the formula for [ cos?(2u) du. <

Practice 1. Evaluate / cos*(x) dx.

For odd powers of sine or cosine we can split off one factor of
sine or cosine and rewrite the remaining even power using the iden-
tities sin?() = 1 — cos?(6) or cos?(#) = 1 — sin?(#), then integrate by
changing the variable.

Example 2. Evaluate / sin®(x) dx.
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Solution. First split off one power of sine, writing:

sin®(x) = sin*(x) - sin(x) = [sinz(x)}2 -sin(x) = {1 - cosz(x)rsin(x)

and then integrate, using the substitution u = cos(x) = du = — sin(x) dx:
2 2
/sin5(x) dx = / {1 — cosz(x)} sin(x) dx = —/ [1 - uz} du

—/[1—2u2+u4} du = — {u—2u3+1u5] +C

3 5

= —cos(x) + %COSB(X) - %COSS(X) +C

The reduction formula obtained in Problem 25 of Section 8.2 yields:

1 4 8
/sm (x)dx = 5 sin (x) cos(x) 15 i (x) cos(x) 15 cos(x) + K

which looks nothing like the result above, but these functions (aside

from the different constants of integration) are in fact equal. < You should be able to see this by graphing
the two functions, and prove this using
trig identities.

Practice 2. Evaluate / cos(x) dx.

Patterns for / sin™ (x) cos" (x) dx

For integrands of the form sin”(x) cos”(x), if the exponent of sine
is odd, you can split off one factor of sin(x) and use the identity
sin?(x) = 1 — cos?(x) to rewrite the remaining even power of sine in
terms of cosine, then change the variable using u = cos(x).

Example 3. Evaluate / sin®(x) cos®(x) dx.

Solution. First split off a power of sine, writing:

sin’(x) cos®(x) = sin(x) sin?(x) cos®(x) = sin(x) {1 - cosz(x)} cos®(x)

and then use the substitution # = cos(x) = du = — sin(x) dx:
/sin3(x) cos®(x) = /sin(x) [1 - cosz(x)} cos®(x) dx

:{_[1_#} u%u:/[uS—uﬂ du

1 1 1
=gt — Sl +C g cos (x) 7 cos (x)+C

You can verify this is the correct antiderivative by differentiating the
result and comparing it to the original integrand. | You may need to use some trig identities.

Practice 3. Evaluate / sin®(x) cos?(x) dx.
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See Problems 27 and 28 in Section 8.2.

If the exponent of cosine is odd, split off one cos(x) and use the
identity cos?(x) = 1 — sin?(x) to rewrite the remaining even power of

cosine in terms of sine. Then use the change of variable u = sin(x).

If both exponents are even, use the identities sin’(x) =  — 1 cos(2x)

and cos?(x) = 1 + J cos(2x) to rewrite the integral in terms of powers
of cos(2x), then proceed by integrating even powers of cosine.

Powers of Secant or Tangent Alone
You integrate any power of sec(x) and tan(x) by knowing that:
/‘ sec(x) dx = In (|sec(x) + tan(x)|) + C
and /tan(x) dx = In (|sec(x)|) + C

and using the reduction formulas:

1 n—2
n _ n—2 . e n—2
/sec (x)dx = T Sec (x) - tan(x) + 1 | sec (x)dx
and /tan”(x) dx = . i 7 tan" "1 (x) — /tan”_z(x) dx

Example 4. Evaluate / sec?(x) dx.

Solution. Using the first reduction formula with n = 3:

/secB(x) dx = %sec(x) -tan(x) + % /sec(x) dx
1 1
=5 sec(x) - tan(x) + 3 In (|sec(x) + tan(x)|) + C
You could also write sec®(x) = sec(x) - sec’(x) and work out this
integral directly using integration by parts. <

Practice 4. Evaluate / tan®(x) dx and / sec’(x) dx.

Patterns for / sec™ (x) tan" (x) dx

The patterns for evaluating [ sec™(x) tan”(x) dx resemble those for
J sin™(x) cos” (x) dx: we treat the even and odd powers differently and
we use the identities tan?(6) = sec?(6) — 1 and sec?(#) = tan?(6) + 1.

If the exponent of secant is even, factor off sec?(x), replace the other
even powers (if any) of secant using sec?(x) = tan?(x) + 1, and then
make the change of variable u = tan(x) = du = sec?(x) dx.

If the exponent of tangent is odd, factor off sec(x) tan(x), replace
any remaining even powers of tangent using tan?(x) = sec?(x) — 1, and
then make the change of variable u = sec(x) = du = sec(x) tan(x) dx.
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If the exponent of secant is odd and the exponent of tangent is
even, replace the even powers of tangent using tanz(x) = secz(x) -1
Then the integral contains only powers of secant, and you can use the
strategy for integrating powers of secant alone.

Example 5. Evaluate / sec(x) tan®(x) dx.

Solution. Because the exponent of secant is odd and and the exponent
of tangent is even, we can use the last method mentioned above and
replace tan?(x) with sec?(x) — 1. Then:

/sec(x) tan?(x) dx = /sec(x) [secz(x) - 1} dx = /sec3(x) dx — /sec(x) dx

= 1sec(x) -tan(x) + %ln (|sec(x) + tan(x)|) — In (|sec(x) + tan(x)|) + C

2
1 1
=3 sec(x) - tan(x) — 5 In (|sec(x) + tan(x)|) + C
where we used the result of Example 4 for [ sec?(x) dx. <

Practice 5. Evaluate / sec*(x) tan?(x) dx.

Wrap-Up

Even if you use integral tables (or computers) for most of your fu-
ture work, it is important to realize that most of the integral patterns
for products of powers of trigonometric functions can be obtained us-
ing some basic trigonometric identities and the techniques we have
discussed in this and earlier sections.

8.5 Problems

In Problems 1-36, evaluate the integral. (More than 15, sin?(3x) cos?(3x) dx 14.

one method works for some of the integrals.)

sin®(x) cos?(x)dx  16.

/

. /smz<3x>dx o [eosznin s [

o [ g [Lataw d L agoa s [endaods
/
/
/

7T

sin 6.

7T

cos*(5x) dx

U1
S—
S—

n’(4x) dx 20. 3 (4x) dx

Bl

s
sin®(7x) dx
21. ?(5x) tan(5x) dx 22.

sin(7x) cos(7x)dx  10. | sin(7x)cos?(7x) dx

11. c®(5x) tan(5x) dx 24.

— Y Y S — o~
& & 8 g

©
\\%
\\c\

sin(7x) cos®(7x) dx 12. [ sin®(7mx)cos(mtx)dx  23.

sin?(7rx) cos® (7rx

599

)dx

sin?(x) cos’ (x) dx

?(5x) tan?(5x) dx

®(5x) tan?(5x) dx
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25.

27.

29.

31.

33-

35-

37-

38.

sec() tan(6) do 26.

/ /

/sec4(0) tan*(9)d6  28. /sec4(0) tan?"1(9) do
/ sin?(x) iy 30. /

/ cos*(f) tan*(0)d6 32 / cos*(6) tan?(0) d6
/. sin(x) cos(3x) dx 34. / sin(7x) cos(3x) dx
/sin(x) sin(3x) dx 36. /cos(7x) cos(3x) dx
Show that if n is a positive, odd integer, then:

27T
/ sin(x)dx =0
Jo

Using integral tables or reduction formulas, it is
straightforward to show that:

27
/ sin?(x) dx =
0

T

() = 2
/Osm(x)x—in

3

4

27
Evaluate / sin®(x) dx, then make a prediction
0

about the value of fozn sin'?(x) dx and evaluate
that integral.

The definite integrals of various combinations of

sine and cosine on the interval [0, 27t] exhibit a num-

ber of interesting patterns. For now, these are sim-

ply curiosities and a source of additional practice

problems, but the patterns are very important as

the foundation for an applied topic, Fourier series,

which you may encounter in more advanced courses.

Problems 39—41 ask you to show that the definite

integral on [0, 27t] of sin(mx) multiplied by almost

any other sin(nx) or cos(nx) is 0. The only nonzero

value comes when sin(mx) is multiplied by itself.

40.

41.

. Show that if m and n are integers with m # n,

then:
27
/ sin(mx) - sin(nx)dx =0
0

Show that if m and n are integers, then:
27
/ sin(mx) - cos(nx) dx =0
0

(Consider m = n and m # n separately.)

Show that if m # 0 is an integer, then:

27T
/ sin(mx) - sin(mx) dx = 7
0

Problems 42—47, concern the following function

P(x), a trigonometric polynomial:

P(x) = 5sin(x) + 7 cos(x) — 4 sin(2x)
+ 8cos(2x) — 2sin(3x)

In Problems 42—45, use the results of Problems 39—41

to quickly evaluate each integral.

42.

43.

44.

45.

46.

47.

1 2

a; = %/0 sin(1x) - P(x) dx
1 2

ap = %/0 sin(2x) - P(x) dx
1 2

az = ;/0 sin(3x) - P(x) dx

27
ay = %/0 sin(4x) - P(x) dx

Describe how the values of a; in Problems 42—45
are related to the coefficients of P(x), then make
up your own trigonometric polynomial Q(x) and
see if your description holds for the a; values
calculated from Q(x).

Just by knowing the a; values we can “rebuild”
part of P(x). Find a similar method for getting the
coefficients of the cosine terms of P(x): by = ??



8.5 Practice Answers

1. Using cos?(8) = § + % cos(26), we can write cos*(x) as:

[cosz(x)}2 = B + ;COS(ZX):|2 = le {1 +2cos(2x) + cos2(2x)}

and integrating gives:
1
/Cos4(x) dx = i / [1 +2cos(2x) + COS2(2X)} dx

= i [x +sin(2x) + % + Elgsin(élx)} +C

3 1. 1
=g¥ + 1 sin(2x) + ) sin(4x) +C

2. First split off one power of sine, writing:

cos®(x) = cos*(x) - cos(x) = |:COS2(X)}2'COS(X) = {1 — sinz(x)rcos(x)

and then integrate, using u = sin(x) = du = cos(x) dx:

2

/cos5(x) dx = / {1 — sinz(x)rcos(x) dx = [1 - uz} du

2 15
—/ 2u+u du—[ 3u+5] +C

1
= sin(x) — = sin’(x) + 5 sin®(x) + C

3. First split off a power of sine, writing:
sin®(x) cos*(x) = sin(x) sin?(x) cos*(x) = sin(x) [1 - cosz(x)} cos*(x)
and then use the substitution u = cos(x) = du = — sin(x) dx:

/sine’(x) cos*(x) = /sin(x) [1 - cosz(x)} cos* (x) dx

= [t [ ]

1

ls ~_1_ 7 L
; S +C—7cos (x) cos’(x) +C

5
4. For the first integral, write:
tan®(x) = tan(x) - tan?(x) = tan(x) [sec (x) — 1}
so that the integral becomes:
/tan3(x)dx = / {tan(x) sec?(x) —tan(x)} dx
= %tanz(x) —In (|sec(x)|) +C

= %tanz(x) +In (|cos(x)|) +C
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For the second integral, use the reduction formula (twice):

/sec5(x) dx

5. First write:

1secs(x) tan(x) + Z /sec3(x) dx

4
%sec3(x) tan(x) + 2 B sec(x) tan(x) + % /sec(x) dx]

1 3
1 sec’(x) tan(x) + 3 sec(x) tan(x)

+ %ln (|sec(x) + tan(x)|) + C

sect(x) tan?(x) = sec?(x) - sec?(x) - tan?(x)

= sec?(x) [1 + tanz(x)} tan?(x)

and then use the substitution u = tan(x) = du = sec?(x) dx:

/sec4(x) tan®(x) = / [1 + uz] u? du = / [uz + uﬂ du

1 1 1 1
= §u3 + gu5 +C=3 tan®(x) + z tan®(x) 4+ C
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