9
Sequences and Series

This chapter introduces two special topics in calculus: sequences and se-
ries. It provides a bridge between the concepts from Section 8.7 (where
we used “easy” polynomials to approximate values of “complicated”
functions like sin(x) and e*) and Chapter 10 (where we will let the
degrees of the approximating polynomials become infinite).

From our work in Section 8.7, we know, for example, that:

1 1 1
X _ ~ 1.2 3 4
e —exp(x)~1+x+2x —|—2'3x —{—2.3.49{

so that: 1 1 1 €
1
= = -+ -4+ —==—=r27
e=e 1+1+2+6+24 1 2.7083
This is a “pretty good” approximation of ¢, but you can do better by

using a fifth-degree polynomial approximation:

1 1 1 1 163
— ol ~ Z4 = — ~
e=e ~1+1+2+6 24—1—120 0 2.7167

You can achieve better approximations by adding more terms to your
polynomial approximation. But what if you never stopped adding?
Does it make sense to add up an infinite number of numbers? And
does this infinite sum add up to the finite value you want, namely e?

In this chapter we will examine what it means to add up an infinite
number of numbers and learn how to determine if this sum is finite or
infinite. Before examining sums, however, we need to lay a foundation:
Section 9.1 investigates lists of numbers, called sequences and examines
some specific sequences we will need later; Section 9.2 introduces the
concept of the convergence of a sequence. The rest of the chapter
focuses on what it means to add up an infinite number of numbers —
an infinite series —and how we can determine whether the resulting
sum is a finite number. Chapter 10 will generalize the idea of an infinite
series of numbers to infinite series that contain a variable. We will use
these series that contain powers of a variable — called power series —to
represent and approximate functions such as sin(x) and e*, extending
the concepts of Section 8.7 to the infinite realm.
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9.1 Sequences

Sequences play important roles in several areas of theoretical and
applied mathematics. As you continue your study of mathematics, you
will encounter them again and again. In this course, however, their
primary role is as a foundation for our study of power series (“big
polynomials”). In order to understand how and where it is valid to
represent a function such as sine as a power series, we need to examine
what it means to add together an infinite number of values. And in
order to understand this infinite addition we need to analyze lists of
numbers (called sequences) and determine whether or not the numbers
in the list are converging to a single value. This section examines
sequences and how to represent sequences graphically.

Example 1. You deposit $100 in an account that pays 8% interest at the
end of each year. How much money will be in the account at the end
of 1 year? 2 years? 3 years? n years?

Solution. After one year, the total amount in the account is the princi-
pal (the amount you originally deposited) plus the interest:

100 + (0.08)100 = 100(1 + 0.08) = 100(1.08) = $108

or 108% of the amount at the beginning of the first year.
At the end of the second year, the amount is 108% of the amount at

P T B e e s Ty bt e the start of the second year:
a‘ i __I___I___I__I__l__
= B I 1 1 a T
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n-th year, the amount in the account is (1.08)"(100) dollars. <
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. Practice 1. A layer of protective film transmits two-thirds of the light
Protective layers

| 2 3 4 that reaches that layer (see margin). How much of the incoming light is

—_—— transmitted through 1 layer? 2 layers? 3 layers? n layers?
— 2|—> ; —
o ? > The Example and Practice problems above each asked for a list of
- —7— numbers in a definite order: a first number, then a second number, and
e — —>
g —— 5 so on. Such a list of numbers in a definite order is called a sequence.
5 —5 An infinite sequence is a sequence that keeps going and has no last
S 31— .
= S—> : number. Often the pattern of a sequence becomes clear from the first
—2 few numbers, but in order to precisely specify a sequence, we usually
— 7 state a rule for finding the value of the n-th term, a, (“a sub n”).




Example 2. List the next two numbers in each sequence and give a rule
for calculating the n-th number, a,,:

111 1
1,4,9,16,... b)-1,1,-1,1, ... =, =, =, =, ..
(a) 7 /9/ 6/ () 7 Ls 7 Ls (C) 2/ 4/ 8/ 16/
Solution. (a) a5 = 25, ag = 36 and a,, = n? (b) a5 = —1, a5 = 1 and
1 1 1 1\"
ﬂn:(—l)”(c)“5:32’”6:64anda":2”:(2>' :

Practice 2. List the next two numbers in each sequence and give a rule
for calculating the n-th number, a,,:

111 11 11

(a)]‘lil 5/ Z/ (b) _El Z/ _gl E/

©2,2272,...

Definition and Notation

Because a sequence gives a single value for each integer 1, a sequence
is a function whose domain is restricted to the integers.

Definition
A sequence is a function with a domain consisting of all integers

greater than or equal to a starting integer.

Most sequences we will encounter have a starting integer of 1, but
sometimes it is convenient to start with 0 or another integer value.

Notation

ay represents a single number called the n-th term.
{an} represents the set of all terms in the sequence.
{rule} represents the sequence generated by the rule.
{an},_5 represents a sequence that starts with n = 3.

Because sequences are functions, we can add, subtract, multiply
and divide them, and combine them with other functions to form new
sequences. We can also graph sequences: these graphs can sometimes
help us describe and understand their behavior.

1 1
Example 3. For the sequences given by 4, =3 — - and b, = Tk graph
the points (n,a,) and (n,b,) for n = 1 to 5. Compute the first five
terms of ¢, = a, + b, and graph the points (1, cy).

1 1
Solution. ¢; = (3 — 1 + o= 25, ¢y =275, c3 ~ 2792, ¢y, = 2.8125
and cs5 = 2.83125. The graphs appear in the margin. <

Practice 3. For a, and b, in the previous example, compute the first
five terms of ¢, = a, — b, and d, = (—1)" b,, and graph the points
(n,cy) and (n,dy).

S
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In many computer languages, arrays
(multi-dimensional lists) employ 0-based
indexing.
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Recursive Sequences

A recursive sequence is a sequence defined by a rule that gives the value
of each new term in the sequence as a combination of one or more of
the previous terms. We already encountered a recursive sequence when
we studied Newton’s Method for approximating roots of a function
(Section 2.7).

Example 4. Let f(x) = x> — 4. Take x; = 3 and apply Newton’s
method to calculate x, and x3. Give a rule for x;,.

Solution. f(x) = x> —4 = f'(x) = 2x; applying Newton’s method:

f(x) f(3) 5_13
=x1 — =3- =3— - =— ~2.1667
R I O I A S
13
gt 1 S(8) s ae
3T TG T 6 f%%)__6 156 156
In general:
f(xn-1) (xn71)2 —4
Xp =Xyl — Frr——x = Xy — ———
n n—1 f, (xn—l) n—1 2%, 1
The terms x1, xp, x3, ... appear to be approaching the value 2, one

solution of x> —4 = 0. The sequence {x,} is a recursive sequence
because each x;, is defined as a function of the previous term x,,_;. <«

Successive iterations of a function also generate a recursive sequence.

Practice 4. Let f(x) =2x — 1 and definea, = f (f (f(--- f(ag)---))),
where the function is applied n times. Put a9 = 3 and compute a1, a;
and a3. Note that a,, can be defined recursively as a, = f (a,_1).

Example 5. Let a; = % and define a second sequence {s, } by the rule

that s, is the sum of the first n terms of {a;}. Compute the values of s,
forn=1to5.

Solution. Computing the first three terms of {s; }:

.an .Sn Slzglzl
e e e e 2
1.0
L L w113
I 2Ry 41_411 o
05:L7'|77:774|774‘77J|,7 53:g1+g2+g3:7+7+7:7
- I | I | | 2 4 8 8
| I I | I
T ¢ ; o
— | | ’ ‘ | n 1 1
i i '3 ! | Similarly, s4 = % and s = i—z You should notice two patterns in
2 5

these sums (and in the associated graph — see margin). First, it appears
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(so we have an example of a sequence defined recursively that can also

be written explicitly as a function of n).

Second, you can simplify the addition process: each term s, is the

sum of the previous term s,,_; and the a, term: s, = s,,_1 + a,. (For

example, check that s3 = s, + 43.) We will meet this second pattern

again in Section 9.3.

<

1
Practice 5. Let by = 0 and, for n > 0, define b, = b,,_1 + 3 Compute

b,forn=1to4

9.1 Problems

Problems 1-6 provide the first four numbers a4, a5,
az and a4 in a list. (a) Write the next two numbers
in the list. (b) Write a formula for the fifth number,
as, as an expression involving 5. (c) Write a formula
for the n-th number, a,,, in terms of n.

1. 2,4,8,16, _, 2. 3,927,811, _,

3- _1/ 1/ _1/ 1/ -

[ S—

N

1
/3/

NI —

4. 1,

5.1,2,624, , 6. 1,4,9,16, ,

For 7-11, evaluate each of the given expressions and

write the next two numbers in the list.
1 1 1 1 1 1
7. 1,1+§,1+§+§,1+§+§+1,4,7
1 1 1 1 1 1
8. 1,1+§,1+§+1,1+§+1+8,47
1 1 1 1 1 1
8

L1, 1— -4, 1—Z+-—=
9 7 2/ 2+4/ 2+4 r—

10. 1,1+2,1+2+4,1+24+4+8, ,
1. L1-1,1-1+1,1-1+1-1, ,

For Problems 12-15, (a) fill in the next two entries
in the table for the specified function and (b) plot
the values of that function given in the table. (These
functions are defined only for integer values of x.)

12. f(x) 13. g(x)

14. s(x) 15. £(x)

x  s(x) t(x)

1 1+1% 1-1

2 1+3+41 1-1+1

3 1+5+5+3 1-3+1-3

4 1+3+3+3+1 1-1+3i-i+ 4
5

6
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In Problems 16-21, find a rule that describes the n-th

term in the sequence.

11 1 1
16. 1, g, ﬁ’ 674, ﬁ’
1 11
18. —1, 5, —§, ﬁ’

20.7,7,7,7,7,...

28.

{eos (5}

n+1 1
17' 1/ 1/ 1/ i/ i/ 30. { n' } 31. {n'}
49" 16" 25 : :
0 1234 2 1+ 1 ' {2”}
19' 7 EI 5/ 1/ g/ 3 . n 33 T’l!
1 2 4
21. -, — 345 In Problems 34-39, compute the first 10 terms (start-

In 22—33, compute the first six terms (starting with

n = 1) of each sequence and graph these terms.

22. {3-1—7112}
o )

26. {4+ (—-1)"}

> -3}
25. {271”_1}

ing with n = 1) of each sequence.

34-
35-
36.
37-
38.

1

an
_bn

a1 =3 and a,1

b] =2 and anr]

ap=2,ap =3 and (forn >3),a, =a, 1 —4a,_»

o (557))

¢, = the sum of the first n prime numbers (2 is
the first prime)

Light transmitted

—
=

<
Ln

- -1+ @ --

L __1

1
|
|

27. {3 +

i
|
|
|

-1

Z —

o+ -——-@+r-———+
W - @ L1

-lk_L__.__

umber of layers

= -P——-—J-__

)

n

39. dy = the sum of the first n positive integers

9.1 Practice Answers

1.

One layer transmits % of the original amount of light. Two layers
transmit () (3) =

(%)2 = 3 of the original amount of light. Three
.. /233
layers transmit (%)

= % of the original light, and, in general, n
of the original light.

(=3

layers transmit (2)"

@2 & ..t 0) ©22,...,2,...

(. 1\ 1 3 _enr (oL
a=(2-1)-3-3-12 60 (3) =
B 1 1 9 o 1\2 l 1
B 1y 1 61 _ ()]
63_(3_3)_23_24N2.542 d3 = (-1) (23> 8
1\ 1 43 1 1
C4_(3_4)_24_16_2.6875 dy=22,d5= —35
1\ 1 443
C5<3_5)_25160~2.769
ap =3, a1 = f(ag) =2B)~1=5a = f(a1) =2(5)—1=09,
a3 = f(a2) =2(9) =1=17
by = S =0+z=z,bh=b+z=-,ba=b+—= ==
1=bhty=0+z=gh=b+ty=gh=bt+s=r5,
1 40
by = b3+ —
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