2.9 Implicit & Logarithmic Differentiation Contemporary Calculus

29 IMPLICIT and LOGARITHMIC DIFFERENTIATION

This short section presents two final differentiation techniques. These two techniques are more specialized
than the ones we have already seen and they are used on a smaller class of functions. For some functions,
however, one of these may be the only method that works. The idea of each method is straightforward, but

actually using each of them requires that you proceed carefully and practice.
Implicit Differentiation

In our work up until now, the functions we needed to differentiate were either given explicitly, such as

y=1(x) = o+ sin(x) , or it was possible to get an explicit formula for them, such as solving

3
y3 _3x%=5 toget y=\ 5+ x> Sometimes, however, we will have an equation relating x and y
which is either difficult or impossible to solve explicitly for y ,such as y2 +2y =sin(x) + 4 or

y + sin(y) = X —-x.In any case, we can still find y '=f'(x) by using implicit differentiation.

The key idea behind implicit differentiation is to assume that y is a function of x even if we cannot
explicitly solve for y. This assumption does not require any work, but we need to be very careful to treat y
as a function when we differentiate and to use the Chain Rule or the Power Rule for Functions.
Example 1:  Assume that y is a function of x .
d
Calculate (2) D(y>), (b) gy (x°y>).and (c) (sin(y))'
Solution: (a) We need the Power Rule for Functions since y is a function of x:
3 2 2,
D(y") =3y "D(y) =3y~y".
(b) We need to use the product rule and the Chain Rule:
d 32 3 d 2 2. d 3 3, dy 2.2 3 dy 2.2
(XY ) =x gx (v ) +y @x (X)) =x"2yqgx +y 3x" =2x"yqgx +3x7y".
(c) We just need to know that D( sin(x) ) = cos(x) and then use the Chain Rule:

(sin(y))' =cos(y)-y"'.

d
Practice 1: Assume that y is a function of x. Calculate (a) D( x2 + y2 ) and (b) gx (sin(2 +3y)) .

IMPLICIT DIFFERENTIATION:
To determine y ', differentiate each side of the defining equation, treating y

as a function of x, and then algebraically solve for y'.

Example 2: Find the slope of the tangent line to the circle o+ y2 =25 atthe point (3,4) with and

without implicit differentiation.
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Solution:
Explicitly: We can solve the equation of the circle for y =+ 25— X2 or y=-—V\25- 2
Since the point (3,4) is on the top half of the circle (Fig. 1),y =+ 25— x* and
1 B -
D(y)=D(+\V25-x>) =5 (25-x>) D 25-%> ) = —Xz
5 25-x
+y~ =25 -3
> Replacing x with 3, wehave y'= ——— =-3/4 .
(3.4) 2
25-3
} Implicitly: We differentiate each side of the equation 2+ y2 =25 and then
5
solve for y' . D(x%+y%) = D(25) so 2x +2yy' =0.
. 2x )
Solving for y', we have y' =— 2y =- x/y , and, at the point (34),
Fig. 1
y'=-3/4, the same answer we found explicitly.
Practice 2: Find the slope of the tangent line to y3 _3x%=15 at the point (2,3) with and without

implicit differentiation.

In the previous example and practice problem, it was easy to explicitly solve for y , and then we could
differentiate y to get y'. Because we could explicitly solve for y , we had a choice of methods for

calculating y'. Sometimes, however, we can not explicitly solve for y , and the only way of determining

'

y ' is implicit differentiation.

Example 3: Determine y' at (0,2) for y2 +2y =sin(x) + 8 .

Solution:  Assuming that y is a function of x and differentiating each side of the equation, we get
D( y2 +2y ) =D(sin(x) +8) so 2yy'+2y' =cos(x) and 2y +2)y' =cos(x).

cos(x) . cos(0)
Then y' = 2y +2 SO , at the point (0,2), y' = 20 +2 = 1/6 .

Practice 3: Determine y ' at (1,0) for y + sin(y) = x3 -X.

In practice, the equations may be rather complicated, but if you proceed carefully and step—by-step,
implicit differentiation is not difficult. Just remember that y must be treated as a function so every time
you differentiate a term containing a y you should get something which has a y' . The algebra needed to
solve for y' is always easy -- if you differentiated correctly the resulting equation will be a linear equation

in the variable y'.
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Example 4:  Find the equation of the tangent line L to the "tilted' parabola in Fig. 1 at the point
(1,2). 10
Solution: The line goes through the point (1,2) so we need to find
the slope there. Differentiating each side of the equation, we get XHZiyty +d-Ty+2=0 fangent
2 2 _1<
D(x"+2xy+y +3x-7y+2)=D(0) so
2X+2xy'+2y+2yy'+3-7y'=0 and A s (1.2)
QCx+2y-T)y'=-2x-2y-3. 4 3 2 1 o 7
Fig. 2
-2x-2y-3 —2-4-3

Solving for y', y'= 2X+2y—7 ° sotheslopeat (12) is m=y'= 5 7-7 =09.

Finally, the equation of the lineis y—2=9(x-1) so y=9x-7.

Practice 4: Find the points where the graph in Fig.2 crosses the y—axis, and find the slopes of the

tangent lines at those points.

Implicit differentiation is an alternate method for differentiating equations which can be solved explicitly
for the function we want, and it is the only method for finding the derivative of a function which we cannot

describe explicitly.

Logarithmic Differentiation

'

In section 2.5 we saw that D( In( f(x))) = % . If we simply multiply each side by f(x) , we have

f'(x) = f(x) * D(In( f(x) ) ) . When the logarithm of a function is simpler than the function itself, it is often

easier to differentiate the logarithm of f than to differentiate f itself.

Logarithmic Differentiation: f'(x) =f(x) *D(In( f(x))) .

The derivative of f is f times the derivative of the natural logarithm of f. Usually it is easiest to proceed
in three steps: @) calculate In( f(x) ) and simplify,

(i) calculate D(In(f(x))) and simplify, and

(iii)) multiply the result in step (ii) by f(x).

Let's examine what happens when we use this process on an "easy" function, f(x) = x2, and a "hard" one,
f(x) = 2%, Certainly we don't need to use logarithmic differentiation to find the derivative of f(x) = x2 , but
sometimes it is instructive to try a new algorithm on a familiar function. Logarithmic differentiation is the

easiest way to find the derivative of f(x) = 2*.
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f(x) = x° f(x) = 2%
(i) In(f(x))=In(x>)=21n(x) (i) In(f(x))=In(2%)=xIn(Q)
(i) D(In(f(x))) =D(2In(x)) = % (i) D(In(f(x))) =D(xIn(2)) = In(2)
(iii) £'(x) = f(x):D(In(f(x))) =x° % = 2x (i) £'(x)=f(x)*D(In(f(x))) =2"In(2)

Example 5:  Use the pattern f'(x) = f(x) ‘D( In( f(x) )) to find the derivative of f(x) = (3x+7)5'sin(2x).

Solution: (i) In( f(x) ) = In( (3x+7)5'sin(2x) ) =5In(3x+7) + In( sin(2x) ) so

.. . 3 2 cos(2x)
(i)  D(In(f(x)))=D(5In(3x+7) + In( sin(2x) ) ) = 57357 + Sin(2x)

5 . 15 2 cos(2x)
(3x+7)7 *sin(2x) ( 3x+7 + Tsin(2x)

Then (iii) f'(x) = f(x)'D(In( f(x)))

15 3x+7)* sin(2x) + 2 (3x+7) cos(2x),

the same result we would obtain using the product rule.
Practice 5: Use logarithmic differentiation to find the derivative of f(x) = (2x+1)3 '(3x2 - 4)7 '(x+7)4 .

We could have differentiated the functions in the example and practice problem without logarithmic
differentiation. There are, however, functions for which logarithmic differentiation is the only method we

n-1

can use. We know how to differentiate x to a constant power, D( X" )=n"x ,and a constant to the

variable power, D( & )= & ‘In(c), but the function f(x) = x™ has both a variable base and a variable

power so neither differentiation rule applies to x*. We need to use logarithmic differentiation.
Example 6: Find D(x") (x>0).

Solution: (i) Ln(f(x)=In(x* )= x‘In(x)
(i) D(In(f(x)))=D(x°In(x))=xD(In(x)) + In(x) 'D(x)=x(% )+ In(x) (1) =1 + In(x).
Then (i) D(x*) =f'(x) = f(x) D(In(f(x))) = x> (1 +In(x)) .

Practice 6: Find D(x*"®)) (x> 0).

Logarithmic differentiation is an alternate method for differentiating some functions such as products and
quotients, and it is the only method we've seen for differentiating some other functions such as variable

bases to variable exponents.
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PROBLEMS

In problems 1 - 10 find dy/dx in two ways: (a) by differentiating implicitly and (b) by explicitly
solving for y and then differentiating. Then find the value of dy/dx at the given point using your results

from both the implicit and the explicit differentiation.

1. x>+y2=100, point (6, 8) 2. x%+5y>=45, point(5,2)
3. x>—3xy+7y=5 , point (2,1) 4. Vx +y =5, point (49)

x2 2 x2 2
5. 5 +1g =1 . point (04) 6. T +1g =1 . point (30)
7. In(y)+3x-7=0 , point (2.) 8. x>—y?= 16 , point (5.3)
9. x>—y?= 16 , point (5,-3) 10. y>+7x°=3x=8 , point (12)

—
11. Find the slopes of the lines tangent to the graph in Fig. 3 at x=dy-y’
3,3
the points (3,1, (3,3), and (42) . ey
7 24 (4.2

12. Find the slopes of the lines tangent to the graph in Fig. 3

where the graph crosses the y—axis. ) D

Fig. 3

13. Find the slopes of the lines tangent to the graph in Fig. 4

at the points ((5,0), (5,6), and (-4,3).
14. Find the slopes of the lines tangent to the graph in Fig. 4

where the graph crosses the y—axis.
In problems 15-22, find dy/dx using implicit differentiation R ‘\___‘,
and then find the slope of the line tangent to the graph of the Figd4 °
equation at the given point.

3 2 . 2 2 .
15. y" =5y=5x"+7 , point (1,3) 16. y"=5xy+x~ +21= 0, point (2,5)
2, . . 23 .

17. y" +sin(y) =2x-6 , point (3,0) 18. y+2x"y  =4x+7 , point (3,1)
19. ¢ + sin(y) = x> - 3, point (2,0) 20. (x> +y2+ 1)>—4x> =81, point (0,2N2 )

21. x2P 4+ y?B = 5, point (8.1) 22. x +cos(xy) =y +3 , point (2)
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23. Find the slope of the line tangent to the ellipse in Fig.5 at

the point (1, 2).

24. Find the slopes of the tangent lines at the points where the

ellipse in Fig.5 crosses the y—axis.

25. Find y' for y=Ax’>+Bx+C and

for x=Ay2+By+C.

Contemporary Calculus

x2+xy+y2+3,\'—7y+4=0

26. Find y' for y=Ax3+B and for x=Ay3+B.

27. Find y' for Ax2+Bxy+Cy2+Dx+Ey+F=0.

2 _2

(X, y)

[
-r

and (x.y).

Fig. 6

28. In chapter 1 we assumed that the tangent line to a circle at a point was
perpendicular to the radial line through the point and the center of the circle.

Use implicit differentiation to prove that the line tangent to the circle

\ o+ y2 =1 (Fig. 6) at (x,y) is perpendicular to the line through (0,0)

29. Find the coordinates of point A where the tangent line to the ellipse in Fig. 5 is horizontal.

30. Find the coordinates of point B where the tangent line to the ellipse in Fig. 5 is vertical.

31. Find the coordinates of points C and D on the ellipse in Fig.5..

In problems 32 -40 find dy/dx in two ways: (a) by using the "usual"

differentiation patterns and (b) by using logarithmic differentiation.

32. y =x-sin(3x)

35. y= x> Gx +2)F

38. y= cos' (2x +5)

33, y=(x>+5) -1

36. y= 7"

39. y= \/25—x2

In problems 41 — 46, use logarithmic differentiation to find dy/dx .

41, y= xcos(x)

Vx + 10

(2x +3)° (5x - 1)/

44, y=

42. y= (cos(x))*

45. y= (3 +sin(x) )*

sin(3x — 1)
34. y= X+ 7
37. y= esm(x)
X°c0S(X)
4. y= —>
Y x2 +1

43, y=x* (x=2)" sin(3x)

x2+1

46. y = x2—l
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In problems 47 — 50, use the values in each table to calculate the values of the derivative in the last column.

47. Use Table 1. 48. Use Table 2 49. Use Table 3. 50. Use Table 4.
Table 1 Table 2
X ‘ f(x) ‘ In( f(x)) ‘ D(In(f(x))) f'(x) X ‘ 2(x) ‘ In( g(x)) ‘ D(In(g(x))) g'(x)
1 1 0 12 0 5 1.6 0.6
2 9 22 1.8 1 10 23 0.7
3 64 42 2.1 2 20 3.0 0.8
Table 3 Table 4
X ‘ f(x) ‘ In( f(x)) ‘ D(In(f(x))) f'(x) X ‘ 2(x) ‘ In( g(x)) ‘ D(In(g(x))) g'(x)
1 5 1.6 -1 2 14 0.3 12
2 2 0.7 0 3 33 12 0.6
3 7 19 2 7 13.6 2.6 02

Problems 51 — 55 illustrate how logarithmic differentiation can be used to verify some differentiation
patterns we already know (51 and 52) and to derive some new patterns (53 —55). Assume that all of the

functions are differentiable and that the function combinations are defined.

51. Use logarithmic differentiation on f*g to rederive the productrule: D(fg)=fg'+gf'.

52. Use logarithmic differentiation on f/g to rederive the quotient rule: D(f/g) = 9

53. Use logarithmic differentiation on f'g-h to derive a product rule for three functions: D( f.gth ) .
54. Use logarithmic differentiation on the exponential function a™ to determine its derivative: D(a" ) .

55. Use logarithmic differentiation to determine a pattern for the derivative of f £.D(re ).

Section 2.9 PRACTICE Answers
Practice 1: D(x% +y?) = 2x + 2y7y'

d
ax (sin(2 +3y) ) = cos(2 + 3y)'D(2 + 3y ) = cos(2 + 3y)-3y'

-2/3

1 | -
Practice 2:  Explicitly: y=(3x>+ 157 so y'=33x>+15) 23D(3x> +15) = 33x% + 15) 2 6x) .

213 -2/3 _ 4

When (x,y) =(23), y' =%( 3(2)2 +15) (62)=4(27)

N 3,2, 2., _ ,_2x
Implicitly: D(y —-3x")=D(15) so 3y™y'-6x=0 and y'="7 .
y

242)
When (x)=(23). y' =17 =

ol &
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Practice 3: y +sin(y) = X —x
D(y + sin(y) ) =D( x3 -X) differentiating each side
y' +cos(y)y' = 3x2 -1
v 1 +cos(y)) =3x> -1

3x2—1

Y =T+ cos(y)

3t
Then when (x,y) =(1.0), y' =T+ cos0y) =1-

Practice 4:  To find where the parabola crosses the y—axis, we can set x =0 and solve for the values of y.

Replacing x with 0 in x2+2xy+y2+3x—7y+2=0,wehave y2 —-T7y+2=0s0

7+ N (D2 —4)2) 7+ VAl
20 ="

approximately at the points (0,0.3) and (0,6.7).

y= =~ 0.3 and 6.7 . The parabola crosses the y-axis

, —2x-2y-3
From Example 4, we know that y'="75, 2y —7 S0
. . . 0-06-3
at the point (0,0.3), the slope is approximately g7 06=7 = 0.56, and
0-134-3

at the point (0, 6.7), the slope is approximately g 134-7 =<-2.56.

Practice 5: f'(x) = f(x)'D(In( f(x))) and f(x)=(2x + 1)> 3x>—4)] x + )*

() In(f(x))=31I(2x + 1) + 7In(3x> — 4) + 4In(x + 7).

3 7 4
()  D(In(f(x)))=2x+1(2) +3X2_4(6X) +x+7 )

23 76 4
i) £'00 = fx)D(I(fx))) = x+ 1> Gx> =4 x+ D 557 + 2 _"4 r 7 T

Practice 6:  £'(x) = ) D(In( f(x))) and f(x)= x*"®) 5o

G In(fx)) = In( xSy = gin(x)n( x )

(i)  D(In(f(x)))=D(sin(x)In( x)) =sin(x)'D( In(x) ) + In(x)*D( sin(x) ) = sin(x)'% + In(x)*cos(x)

Gi) ') = f)D(In( fx))) = x* "X sin(x)'% + In(x )cos(x) }



