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15.3 The Fundamental Theorem of Line Integrals and Potential Functions

Section 15.2 introduced the line integral along a curve in a vector field F, J FeT s, discussed some applications
C

of these integrals and showed how to calculate them. But something curious is going on.

Let F(x,y) = <x, y+ x> . If we take three different paths from (0,0) to (2,4) in this vector field we get three different

values. Along the curve Cy given by ry(t) =(2t, 4t)

1 1
[ FoT ds=[ Fay)er ) dt= [ atat+20)e(2.4) dt= [ 28t dt=14.
Cl Cl =0 t=0

But along the curve C, given by rz(t)=<2t, 4t2>, J‘ FoT ds=46/3 .
G

And along the curve C3 given by ry(t) =<2t, 4t5>, '[ FeT ds=50/3 .
Cs

In this vector field the work to move an object from (0,0) to (2,4) depends on the path of the object.

However, if we change the vector field slightly, to F(x,y) = <x, y> , and calculate the work along the same three

paths from (0,0) to (2, 4), the results are always the same:

1 1
_[ FeT ds = J' (2t, 4t)e(2,4) dt = J' 20t dt =10,
C, t=0 t=0

1 1
[ FoT ds = | <2t,4t2>0<2, 8) dt = [ 3263 +4r dt=10,
C, =0 =0

and [ FeT ds = j <2t, 4t5>0<2, 20t4> dt = j 80t0 + 41 dt =10
C, =0 =0

And the result will be 10 no matter what other smooth paths we take from (0, 0) to (2, 4) in this field.

This field F(x,y) = <x, y> is a special type of vector field called a gradient field or a potential field or a

conservative field, and it has the wonderful property that the value of the line integral does not depend on the path.

This property is called path independence.

Definition: J FeT (s is independent of path if J FeT ds= '[ FeT ds forany two paths C; and C, with
C C, c,

the same initial and ending points.
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Conservative Fields

But what are the conservative vector fields and how can we determine if a given field is conservative?

Definitions: Conservative Field and Potential Function
A vector field F is called a conservative (or gradient, or potential) field

on aregion R in 2D or 3D if there is a scalar function fon R so that Vf=F .

This scalar function f is called the potential function for the conservative field F .

Example 1: Each of these scalar-valued functions generates a conservative vector field. Determine the vector field

F for fi(x,y)=xy , H(X,y) = 1/x2 + y2 and f3(x,y,z) = x2y +2yz .

Solution: All that is needed is the gradient of each function: F;(x,y) = <y, x>,

2
Fz(X,Y)=< 2X > 2y 2> and F3(x,y.z) = <2xy, x” +2z, 2y>.
X" +y x“+y

Each of these is a conservative vector field since each F = Vf for a differentiable function f.

Practice 1: Determine the conservative vector fields generated by f;(x,y) = 3x -2y, f5(x,y) =sin(xy) and

f3(x.y.2)=—5—5—7 -
x2 + y2 + 22

Fundamental Theorem of Line Integrals
If there is a scalar function f on an open, connected region R in 2D or 3D so

that VEf=F (F is a conservative field), and C is any piecewise smooth curve in R

from point A (when t=a) to point B (when t=b)

b b
then [ FeT ds= [ Fer()er'() dt= [ Fedr=f(B)-f(A)
C t=a t=a
and the line integral does not depend on the path C (path independence).

This is considered one of the four fundamental theorems of vector calculus (with Green’s and Stokes’s and the

Divergence theorems). The meanings of “open,” and “connected” are given in the chapter Appendix.

Proof: Suppose F(x,y,z) = VI(x,y,z) =f;(X,y,2)i +fy (x,y,2)j+£,(x,y,z)k for some smooth
scalar-valued function f. Then

Formviep (X X X .<dx dy dZ>=9f.dX+'9f dy o dz_ 90 0 e Chain Rule)
x Uy o

ox dt  dy dt ox dt dt

dt’ dt’dt
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b
50 j Fr(t)er'(t) dt =

t=a t=a

b
J IO = o - ey = B)- A -

Example 2: F(x,y)= <y, x>, Evaluate J FeT s foracurve C that starts at A=(1,2) and ends at B=(4,3).
C

Solution:  If we recognize (from Example 1) that F = Vf for f(x,y)=xy then by the Fundamental Theorem of
Line Integrals, J FeT ds=f(B)-f(A)=14,3)-f(1,2)=12-2=10
C

along any smooth path C from A to B. You might want to check this value by using the path

1
r(t) =(1+3t, 2 +t) fortfrom 0 to I and explicitly calculating J' F(r(t)er'(t) dt -

t=0

If we know a scalar function f whose gradient is the vector function F, then a difficult calculus problem becomes an

easy arithmetic problem. You should recognize the similarity of this calculation with the way integrals were

evaluated in beginning calculus. In beginning calculus if f was an antiderivative of F (Df=F), then

b . . . . b
J‘ F(x) dx = f(b) - f(a) . Here if f is a potential function of F (Vf =F), then J Fedr = f(B)-f(A) .

a t=a
Practice 2: F(x,y,z)= <2xy, P 27, 2y>, Evaluate J FeT s for the curve C that starts at A=(1,0,4) and ends at

C
B=(4,3,2). (Suggestion: Look at the answers in Example 1.)

Example 3: Fig. 1 shows the level curves for a smooth function z=f(x,y) and the =12 10 8 6 4

vector field F = Vf. Calculate the amount of work done moving an B

object from point A to point B along the two given paths.

Solution:  work = j FeT ds=f(B)-f(A) =10 along each path.
C

A

Fig. 1: Level curves of z=f(x.y)

Practice 3: Using the same figure, calculate the amount of work done moving
an object from point C to point D along the given curve.

What is the total work to go from C to D and then back to C?

Theorem: J FeT s is independent of path on open, simply-connected region R
C
if and only if J FeT ds =0 for every closed path C in R.
C
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Finding potential functions

Finding potential functions is a lot like finding antiderivatives but now we need to match two antiderivatives.

If F= <M(x,y), N(x,y)> , then the potential function f must satisfy both f = % =M and fy = gfy =N. so

typically two antiderivatives are needed, one with respect to x and one with respect to y.

Example 4: Find a potential function f for F =(4y, 4x +5).

Solution: % = 4y so (taking an antiderivative with respect to x) f(x,y)=4xy + g(y) (since % =0)
But i(4xy +g(y)) = 4x +¢'(y) must equal N=4x+5, s0 g'(y) =5 and g(y) =Sy (typically the “+k” is
o
omitted). Then f(x,y) = 4xy +5y. A quick check shows that f, =4y and f, =4x+5s0 Vf=F..

Note: We could have first taken the antiderivative of N=4x+5 with respect to y.

Practice 4: Find a potential functions f for F = <y X +2 x-e® +3 > and F = <2xy +cos(x), x2>.

But the vector field F(x,y) = <x, y +x> at the beginning of this section was not path independent so it is not a

conservative field and does not have a potential function. There is a very easy way to determine if a vector field has

a potential function and is conservative.

Theorem: Test for a conservative field

If R is an open, connected, and simply-connected region then

2D: F =(M(x,y), N(x,y)) is a conservative field on R if and only if M _
Iy

sﬁ\.%

3D: F= <M(x,y), N(x,y), P(x,y)> is a conservative field on R if and only if

%_aN, 8M2£ and@_g .
d ok dz oK dz oy

Proof: These follow from Clairaut’s Theorem which says that mixed partial derivatives are equal: fXy = fyx~

If has a potential function f, then ¢ _ i(i]: aﬂ and ¢ _ i i - gﬂ SO @z @ .
Yoooy\ox) oy Y ox\ady) ox dy X

The proof for the 3D case follows from Clairaut’s Theorem that fXy =T

yx fy, =f,x and fyZ = ny .

The proof in 2D that M, =N, implies that F = <M, N> is conservative requires Green’s Theorem

which appears later.
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For the vector field F(x,y) =(x, y +x), =0 and % =1 so the field does not have a potential function.

Practice 5: Which of these fields are conservative: F, = <2xy2 +3, 2X2y>, Fy =(-y, x) » F3 =(yz, xz, xy +2x)

and Fy = (yz, xz, xy +2) ?

Potential or Gradient fields are also called Conservative fields because the total energy, kinetic plus potential, is
constant at each point in the field, energy is conserved. The derivation of this result is shown in an Appendix after

the Practice Answers.

Summary of results

If R is an open, connected, simply-connected region, then the following are equivalent:
(1) F is a conservative field.

(2) There is a potential function f so that F =Vf ..

b
3) J' FeoT ds= J F e dr =f(B)-f(A) for all points A and B in R and for all smooth curves C.

C t=a

b
4) J' FeT ds= J‘ Fedr —¢ forallsimple, closed, smooth curves in R.

C t=a
Problems

In problems 1 to 6, determine the conservative field generated by the given potential function.

1. f(x,y) =x2+3y2 2. f(x,y) =3x2—4y?
3. f(x,y) =sin(3x +2y) 4. f(x,y) =x%y> +xy?
5. f(x,y) =In(2x +5y) +e¥ 6. f(x,y) =tan(x) - sec(y)

In problems 7 to 12, determine the work to move an object in the given field from point A to point B.

7. F=(2x,2y), A=(1,2), B=(5,]) 8. F=(y,x), A=(1,3),B=(3.,5)
9. F=(x,x), A=(0,2), B=(3,6) 10. F=(3x%, 32), A=(1,0), B=G.))
11' F = <yZ’ XZ, Xy>’ A: (190’0)3 B: (4’291) 12' F = <'X,‘y,'Z>, A: (09090), B: (29436)

In problems 13 to 16, determine the work to move the object along the given paths from A to B and from C to D.

Each figure shows the level curves of z=f(x,y) for some smooth function f.

Problem 15 Problem 16

Problem 13 Problem 14
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In problems 17 to 24, find a potential function for the given vector field F or show that F does not

have a potential function.

17. (3x* +4,6) 18.< 2 _3 +3y2>
<

19. <y -cos(xy) + 3x2y, X - cos(xy) + x3> 20. xy3 + 3x2y, 3)(y2 + x2>
21. (sin(y), x-cos(y)) 22. (2y + 3z, 2x, 3x)
23. (yz-cos(xyz), Xz-cos(Xyz) + z, Xy - OS(Xyz)) 24. (y-cos(xy), x-cos(xy) + 2, y)
25. (a) For f(x,y)=arctan(y/x) show that yp (¥ X =(M,N) .
Z4y? Xyl

(b) Show that M, =N, .

b
(c) Show that for the closed circle r(t) =(cos(t), sin(t)) for 0 <t < 2w, J‘ FeT ds= J‘ Fedr =21 .
C t=a

(d) Why do these three results not violate the equivalent statements in the Summary?

Practice Answers

Practice 1: F(x,y)=(3,-2) , Fo(x,y) = (y-cos(xy), x-cos(xy)) and

_2kx 2k _2kz 2k
Fi(x.y,2) = Y = (X -y, -7)

2° 2> 2
(x2+y2+zz) (x2+y2+zz) (x2+y2+zz) (X2+y2+zz)

Note: F5 is aradial field with |F5 =2k | and it always points toward the origin.

Practice 2: From Example 1, F = Vf for f(x,y)= x2y +2yz so J FeT ds=1(4,3,2)-f(1,0,4) =72.
C
Practice 3: york = J FeT ds=f(D)-f(C) =6 along the given path, and, in fact, along every piecewise smooth
C
path from C to D.
The work to go from C to D and then back to C is 0: the work from C to D is f(D)-f(C), and the work

from D to C is f(C)-f(D) so the total work is {f(D)-f(C)}+{f(C)-f(D)}=0.
Practice 4: V(e™ +22+3y)= <y e +2,x-eM +3 > and V(x?y +sin(x)) = <2xy +cos(x), x2>

Practice 5: Fy and F4 are conservative. F, and Fj are not conservative.
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Appendix: A bit of vocabulary about Curves and Regions : :
A curve C parameterized by r(t) for a<t<b is simple if simple, ~ simple,  notsimple, notsimple,
. closed not closed closed not closed

r r for . (Fig. Al
(tl);t (tz) a<t <ty <b. (Fig ) Fig. Al: Curves

A curve C parameterized by r(t) for a<t<b is closed if r(a)=r(b) .

A region R is open if every point in the R is inside a circle that lies Q ‘

not connected, connected,
not simply-connected  not simply-connected

R= {(x,y): x2 + y2 <1} is open. .

completely in R.

R={(x,y): <24 y2 <1} is not open since every circle around a .
boundary point contains points not in R. simply-connected, open, connected,
not connected simply-connected

A region R is connected if any two points in R can be joined by a Fig. A3: Regions

continuous curve that lies in R.

A region R is simply-connected if every closed path in R can be contractedto a | N

\\ /

path without leaving R. A region with any holes (even just missing a single ./
point) is not simply-connected. T Qj

\ /

. boun::la-r; not boundary is
Appendix Problems part of R part of R
For problems A1-A4, give examples of curves with the specified properties. Open Not Open

. . Fig. A2: Open and not open
Al. closed, not simple A2. not closed, not simple
A3. closed, simple A4. not closed, simple

For problems A5-A10, give examples of regions with the specified properties. Give an example of a region that is
AS. open, connected and not simply-connected. A6. open, simply-connected and not connected.
A7. connected, simply-connected, and not open. A8. open, not connected and not simply-connected.

A9. connected, not open and not simply-connected. ~ A10. simply-connected, not open and not connected.
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Appendix: Conservation of Energy
We need Newton’s Second Law, F = ma where a is the acceleration, so F(r(t)) =m-a(t)=m-r"(t) .
We also need that for any vector w,

. ° oW =
dt dt dt dt dt 2 dt

soif W= r' then r'er'= d—ror'z li(r'or').
dt 2dt

Kinetic energy: work to move from A to B

b b
work:j Fedr= j F(r(t) o r'(t) dt = j m-r"'(t) e r'(t) dt
C t=a t=a
b
1d m b m > bm , b m 2 m 2
= -——(r'er') dt = —r'er' =—Ir' =—lvi)l® | = —Iv(b)F——Ilv(a)!l
tJ‘mzdt(r.r)dt 21"1' t=Ia 2|l‘(t)| t=|a 2 v t=a 2 () 2 ()
=a

But kinetic energy K = lmvz so work =K(B)-K(A).
2

Potential energy: work to move from A to B

If f is a conservative field so F =—Vf for a potential function f, then
b
work= [ Fedr=[ —Vfedr=(£r(t) | =-fr®)+{(r(a)=f(A)-f(B)
t=a

C C

Putting both type of energy together, K(B)-K(A)=work = f(A)—-f(B) so K(B)+{(B)=K)A)+{(A).
The total energy, kinetic plus potential, at A is the same as at B for any two points A and B in R. In a conservative

field the total energy is conserved.

Gravitational, electrical and magnetic fields are conservative fields.
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Problem Answers

L. F=(2,2y) 2. F=(6x, -8y)
3. F=(3cos(3x +2y), 2cos(3x +2y)) 4. F= <2xy3 +y2,3x%y% + 2xy>
5. =< 2 i i eY> 6. F= <se02(x), sec(y)tan(y)>
2x +5y  2x +5y
7. fxy)= x> +y? £(5.1)-f(1.2)=21 8. f(x,y)=xy f(3,5)—f(1,3)=12
9. My =0, N =1so0Fisnot conservative. r(t) = (3t,2+4t) (tfromOto 1).
1 1 21
F(®)er'(t) =(3t, 3)e(3,4)=21t so oy [ Fe@yer®di= [ 21dt==
t=0 t=0 2

10. M, = 3x2, N, =6x so F is not conservative. r(t) = <1 +2t, t> (tfromOto1).

F(r(t) e ' (6) =<3(l+2t)2(t), 3(l+2t)2>0<2.l> = 3+15t +24t7 +12¢7

' ; 43
work = [ Fa@)er'(®)ydt= [ {3+15t+24t% +12%} dt ==
t=0 t=0
X2 y2 Z2
11. f(x,y,z)=xyz f(4,2,1)—-1(1,0,00=8 12, f(x,y,2)= BT £(2,4,6)—1(0,0,0) = 28
13. AtoB:5 CtoD:2 EtoF: 3 14. AtoB:6 CtoD:4 EtoF:0
15. AtoB:4 CtoD:0 EtoF:-2 16. AtoB: 4 CtoD:1 EtoF: 0
17. f(x,y) = x" + 4x + 6y 18. f(x,y) = sin(xy) + x7y
19. f(x,y)=si 3 20. M. = 3xv2 + 3x> a2, a2
(x,y)=sin(xy) + x~y My =3xy” +3x" # Ny =3y” +3x

21. f(x,y) = x-sin(y) 22. f(x,y,z) =2xy + 3xz
23. N, # Py 24. f(x,y,z) = sin(xy) +yz



